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0 Foundations

on Isotopies

suppose f m N is a mapof smooth manifolds

Den f is an embedding man if af Tm TN is injective

By the Inverse function theorem if dfln is injective then I unbind of ne M such that flu is an embedding

Remember locally that Dt Tm TN push forward by F maps Ft In I É Fyi Themap
del is then a map dfix tem TeeseN which is aninjective linear map

Embedding immersionthat's nomeoonto it'simage we have this lemma from diffgeo

Lemma 5.2 If Dpt is an isomorphism then I open neighbourhoods U of p V of F p such that
Flu U V is a diffeomorphism

Proof pick charts 4 about P Y about F p Then g Yo to 9 is a map an am with
invertible derivative at 4 p By inverse function theorem there exist open neighbourhoods U
of Pcp V of YoFlp such that g is a diffeomorphism U v But this says precisely
that g is a diffeomorphism g U v where U 4 u Vp v

Den if fo.fi m un are embeddings fo is isotopic to f fo if if thereis a smooth map F next n with
5 no focal fin D film and fecal F ait is an embedding ft

clearly isotopy homotopy Wecall I an isotopy

Lemma if fo ri f via e then fo f via t with ten.es focal te co44 Ecu.tl f n with te 34.1

proof choose g I I smooth with get o teco ly gets it for t e 34,1

Then take ten.tl e night

corollary isotopy is an equivalence relation

Reflexive constant isotopy H for fo Heart food Symmetric Take Hcai t
Transitive suppose t fo f andG fi ta then usingthe above idea let t fo fi be an isotopy from
F sit Fluitt fila for ix i and G fi fi be theisotopy from a sit Gait film on Co314

Then F and G agree on 14,314 and in particular DE Da on 13,2131 so we can writedown a
smooth map H next N

Fcat teco s
what fine

Cisse
teC13,213
te 13,1

which satisfies 1 Utecoin Heat is an embedding and 12 Horse focus and Hice face soH
is an isotopy fo fo Thus is an equivalence relation






































































































































Ex 1 if Ect is a smooth compactly supported time dependentvectorfieldon M thenthere's an isotopy the flow
of E Io mxco.is m with do idm and 911 vin.tl

This is a nice result from symplectic geometry

Ex 2 if f mm in with aft injective then I u nbha of o erm sit flu idfl.lu

Proof F ait teens i t afton

identitytangent spacewithin

Then aftto tdfto t i t dato afto I Ut s't Ft lat is an embedding
To get a uniform a consider de cat dflotoid injective we can find an e s t
F Beto xet e etc is an embedding using compactness

Thoughts The map aft acts on TolRm Taco IR which we can canonically identifywithRmandRn That
is we consider afto mm IR

so define F IRMx I Irn ait m t feel i t dfloca I'm not loot convinced why but letting
Ft x Feat we have

dttto d tfa t t dflocalto
tdflocal i t dflo x
dflo

Byassumption dfto is injective so ditto isinjective Byour very firstremarkthen I nhood U of O in IRM
sit Fela is an embedding Now we want to find a U that is uniform works for all t Note that
dFlat dflotoid taking derivative in each component whichis also injective sobythe sameargument
we can find an open nhood a of lost sit Flat is an embedding By compactness of Bmx I we can
wiog take a Belo x t e etc forsome e o

so what does this all say well Flat is a smooth map 1RmxIu IR suchthat
11 Flu t is an embedding Ut Flu t FtIv
z Flat dflo u
13 Flat flu

so that actually flat flu dfl

some things I'm nottoo sure abouthere like this derivative lookssus

0.2 knots

Den an oriented knot in 1123 is an isotopy class of embeddings k s 1123

Example the unknot is the class of u s 1123 x.gl to ix g o x

aft x






































































































































Exercise if 6 s s is an orientation preserving diffeomorphism then he i identity
Hence Koe i ko ids k reparametrizing w o changing isotopy class

The general idea comes fromthefact that Diff has twoconnected components orientation preserving and
orientation reversing of course id S s is orientation preserving Howdo we formalize this considerthat s
canbe thought of as hi and in particular any diffeo a S s canbe lifted to a diffeo T IR IR
satisfying is Ecolecoil and Glatt Tatti moreover this lift is unique obviously completelydetermined

by e on coil Also ids lifts to idea Toshow amidst itsuffices toshowthat I i idle and then
theresult willfollow bytaking the quotient

But of course since we are in IR IR we can just take the path isotopy
H text IR Cutt a teen ter tin Tca etc on co1
This is clearlya smooth map and satisfies instead of Ecoleco.D
I Hoco idle 121Him Tca othiesmafqhloyegqggusqig.ie

3 Foreach t Heli is an embedding In particular it satisfies

Htcatt tTexts i t att teal ter tha t t t ti Hehe ti

Hedescends to a diffeo his s no e and h ids so h ee i id

If Yui 0 then for any diffeo r S s so y r root and por ni dor
This follows since the composition of an embedding and a diffeo gives an embedding and hence composition of an
isometry and a diffeomorphism gives an isometry

Den the reverse of k is rek is or where r s s ay to ex y

Exercise u i rcu

The idea is to rotate the unknot it radians about the n axis as seen in the diagram
u s sirs say to cony o

real s's m3 cry to x y o

write down H six I IR ix g it a n geoscitt ysincittl Then observe
1 H is a smooth map
121 Hosny x ycosco ysincol x y o U

issinati in y

i

13 for any fixed te I
Httary In yeoscitt ysincitt

is an embedding ofthe circle s into IR

Den knots inMs oriented knots in 1123 n where we identify k rik






































































































































0.3 Knot diagrams

Den A knot diagram is
at a smooth map 8 s 1122 s t
1 r p 0 Apes so 4 isnot a knotdiagram notangent doublepoints
2 if rep rep then rep and rep are linearly independent I transversedouble points

ofay notokay

3 I distinct p air with rep req ter i e no triple points
b an ordering p p oneach pair of double points rep rep'll

iDg represents pop

Choose z s IR with tip zip
whenever rep rept and p pl

Then define k s 1123 by kept rep p choice of z doesn't matter if I is another choice then
K K via e pit rep t zip i t Icp

Example

unknot
O
unknot unknot

a

trek

negative

If Jes Itv M3 IR is orthogonal projection

Theorem given k s a m3 there is an opendense subset Ucs such that Tv ok is a knotdiagram
f Jeu p pi if v kept v kep dotproduct

essentially take any knot is stair Foralmost all Jes wecan project k down onto the planeorthogonal to F
via it andtheresultingmap took will be aknot diagram

proof Denote Jr Arok s IR The question is is or a knotdiagram Jv is a knot diagram if
1 r p to t p Ou is immersed
2 double points are transverse
31 no triplepoints

we need a result to prove this theorem

suppose f man is a smooth map Wesay ne M is a critical point of fit aft is not surjective and yen
is a critical value of f if f ly contains a critical point otherwise it's a regularvalue

Sard's theorem the set of critical values of f hasmeasure o in N so if M is compact the set of regular values
of f is open anddense in N






































































































































Consider 4 six s s pea m p keel Kcal for pea where p 11231905 s n n Ey
pip m pl K pl

We'll saysome preliminary stuff and then invoke sard'stheorem tosaythat thisholds

For condition 1 remark that 8rep 0 a Tv k Pl 0 Takingderivative commuteswithprojection drawexamples

if Hulklpl o thenthis a k p au forsome a e IR1101 a p K pl tv so Itv Kip to is equivalent
to plK pl Iv

so the condition 8 p 0 UP is equivalent to 4 Pip IV canwrite as eco tu where o denotesthe diagonal

For condition 2 remark that ip.at is a doublepointof Jr i.e Trip trial
Tv Kip Itv Kcal o
Tv Kep Kcal o
Kep Kla au for some at Rhos atosince k an embedding Kip Kcal P q

plkept Kcal Iv
alp q IV

If Cpq is in fact a double point of Rv
Chain rule

By chain rule de pig d p k n kly p g da fog dguy fo dalg

dPlicep keg d ka Ky p g

dp ar f K p dx k qdy

so that de p q tip dp au d K p Pk e for any tangent vector hip at pic

I

tangent space

We can calculatethat apar w ItvCw

So p 11231905 s at now dpar is then a map Tar 1231903 Tus
identifywith 11231905

wlog say a 0 The map dpav acts explicitly onthe standard tangent vectors Ix 2 2 313

BY
ap fi E E P uFyiplan

I ips I

want more heuristics

which under the identification of Ta IR E IR and considering s 4 IR This is the same as
I Trlei I think the best way to see this is to do the computation explicitly in coordinates to see
where the I term comes from But it isclear that the above projects a onto the tangent space
of S at v which we identify with the plane orthogonal to V






































































































































Since dpar w Itv w de pic a p dpauf a K p pK a
I Tula K p pK a
I 281 p I price

Hence ldelcp.gg is surjective iff 8 p and K al are linearly independent

d4 peg aip can be thought of as a map IR 1122 identifying tangentspaces and the above says
that actually it is a linear map By dimension reasons then this mapis surjective iff it's injective

dim I dim Im L dimKera
domain 122

But ofcourse d4 p q is injective es d4 pic ap o e Kip 0

But a fat p IB ru q o

But the statement Farr p Iptv91 0 E x p 0 says exactly that ru lpl and vital are
linearly independent I getting rid of la coefficient

with all this established we can invoke sard's theorem

Saard's theorem says that there is an open dense set UC s containing only regular values of 4
but specifically an 14147 0 That saysthat

we want to say there's adense subset ofvectors a c s suchthat a plkpl IV and
121 rulpl and ru al are linearly independent when rulp rule for Ipq es'xs By sard's theorem we

know t an open dense subset u c s which contains only regular values ve s sit for any opiate4 Cul
d4 pq is surjective In particular we can choose such a u sit Un4101 0

Notice that the doublepoints of ru are exactly the preimage of v under 4 if Jr p Tula then
kept and Kcal differ in M3by ar Kip Kca out Hence helpa plkept Kcal Fry V

Thisargument is easily reversed

Alright So if ve s and pig are double pointsof Jr then p q E 4 v we showed above
that ru p and ruCal are linearly independent iff de pig is surjective since we want thisconditionto
hold t double points we want that f cp.ae 4 u Id4cp.at is surjective This isequivalent
to saying that v is a regular value of 4

Therefore if res then condition 2 is only satisfied if u is aregularvalue of 4 Sard's theoremsays
that we can find an open dense subset of such v

probably todowith
me

That deals with condition 2 For condition 1 remember we selectively chose u s t un4101 0
so certainly Upes Yepp Iv for any regular value v of 4 so on U condition I is

automatically satisfied

3 similar show that if I and 2 hold at u there's a nearby v forwhich 3 holds

held to still do






































































































































0.4 Reidermeister moves

Problem given D and D which represent the sameknot k howare D andD related

Reidermeister moves

RI RI JI

i I

Den diagrams D and D are locally equivalent if there is a cir sit A D such that

Dacia A D nCR A
essentially youcan perform Reidermeister

and homeomorphisms 4 CA Dna D Ri moves locally to getfromonetoanother
6 A Dna D2 Ri

Example
I O Il

a

Theorem Reidermeister Let be the equivalence relation ondiagrams generatedby local moves and diffeomorphisms of IR

eg P r

If D and D represent isotopic knots kandk then D D






































































































































proofof Reidermeister moves

I 1 6

is
I

Pl knots if V Cvo sun e irs with v0 rn let Kev Y IigIgmen

Den Ktv is a Pl knot if Ivi nuit 0 for it i j jet

eg X
Dfn suppose Kev is a Pl knot and V elk with the triangle aviv'vit having

Coviviiti aka Vitti We say Kev is locally equivalent to Kcvo Viv'vit vn Kev

gig
A notation

idea Kev Kiu

Dfn pilegisuitatience is the equivalence relation on Pl knots generated by local equivalence

Thm there's a bijection smoothknots I Pl knots isotopy

K Lik
if K is piecewise smooth isotopic Ck

Picture
k

it






































































































































We can consider knots as PLknots andalso by using this triangle trick we can insert vertices orchange our
knot in some convenient way that gives us something thatis equivalent to the original Pc knot We can use
this then to show that the Reidermeister moves give the sameknot usingtheir Pl analogues

Suppose k and k are locally equivalent After subdividing triangles assume that it Oviv'viti intersects
IT KI Tiit in either

1 a line segment Note greenrepresents the knot blue
represents the triangle

vitt

k

u

givesnewknot

K
Vi

ri ri

Viti

givesnewknot

kv Vi

Vi Vi

u v

givesnewknot
RI

K

Vi rit v v
under over t crosses over

warning continuous maps arenot your friends

eg T c 1 n e i 133

n r
f I IR

n

Htt MIA
Ts t C sis C s s






































































































































1 Jones Polynomial

Motivation want to show I

Idea I diagrams S and if I doesn'tchange under Reidermeister moves it descendsto a man
I knots s

11 Kauffman Bracket

prop there is a unique map c knotdiagrams 72Cat B satisfying
o o
The localrules
11 COx A Q AL
2 00 13 07

Example CD
iiidiagram

Pick so A c A Gg
a c ACGD
a i A QD as s a a GD A ED

A Z OO O O AZ O O 7

A2B 2B A B

proof of proposition if D has n crossings we can apply the rule to every one of them The set of possible
resolutions is in bijection with ti

x
viey yet

11

so given ve ti assign Dr to it byresolving ith crossing according to ui as above

Rem y
I

yy
reverse of above






































































































































Define CD I
veg

A B where Dul of components in Dr

i
Du is the knot after resolvingall
crossing accordingto testis

prop c satisfies
1 cos e.g

xz I A c ACT
3 o BC I I

p ILa X I

jthcrossing
utri i

B A Blut
I

D i is I

A 7 t AC Y

13 if D O D then idol IDit ti

Note orientationof crossing
Effect of R Moves on a I is very important tokeeptrackof

1 I A 2 Y a Y E

A B A2 Y i n

From now on take B AZ AZ

CY all

RI a x y a.gg
Rttdiagram

A f 1,1 a s
viewdiagram
thinkaboutwhichway

a g Atl Ey by RIH invariance

C H s

so C is also invariant under RIII

RI CD A C O A C G
A C A Z A A L A 31

which is n invariant under RI






































































































































If D is an oriented linkdiagram then every crossing looks like

n t i n a s

ve crossing tve crossing

let need of I crossings The writhe of D is wed nt D n D

Lemma if Di and Di are related by ith Reidermeister move

21 WID l wide
3 WID WID

Y men na one moreproof I

vecrossing

2 Y D has 2 more crossings with opposite signs

3 no matter what orientations are sign of CI
s I sign of Ci

Thm if D is a link diagram then

J D C A W'D D is invariant under Reidermeister moves

proof 1 J Dil CAZ wait A3 by

f A3 we
D TCD

and Da D are invariant under RII and RIII

Den An oriented n component link in 1123 is an isotopyclass of embedding i ft s IR

The same proof as knots shows links as diagrams and diagrams of a link are relatedby Reidermeister
moves

Den if L is an oriented link TCL CA D where D is any diagramof L is the
unnormalized Jones polynomial of V

Ex V10 B A Z A






































































































































Corollary If D is a diagram of the unknot then D A3 D
B

Example The negative 2n toms link is represented by Dn

n crossings

Resolving

A_ Con is ag.az
n

crossingsnow

so we have a recursive relation forthis bracket

So D A B A 1 2B

Da A 4 A B A Z B I A8

Dz A 5 A A7 B

Dn A n 2 i A8 A A A B

W Dn n so J T 2 n CA3 A n 2 It A8 A't Aun B

Corollary T 2 n 712 m n m

This is a family of infinitely many different knots

Better normalitation

The normalized Jones polynomial of L is Vila 3 g a 2

Example Ufo I

Y T 2 n q i q 4 q q 2n






































































































































12 Operations on knots links

orientation reversal

r tf s Us reverses orientation on each component

so reel Lor Wshesm3
effect on signs I I

ve ve
and y

ve ve

so w red web

and red LD since c is indep of orientation

Tercel TCL and viral vill

reverse on onebutnot all multiply by powerofA or power of a resp thinkabout

Mirror

The mirrorof L is pot where p Irs it is a reflection
For diagrams use plx.y.tl n y z

X X

Eg if K ve trefoil ti ve trefoil

since co C A Z Az c

X A C ACY
X A ALIC

C is invariant underthe operationof simultaneously sending X X and A A
I e C 5 D lana l

on signs Y It
ve ve

west wed

Jci TCL an a equivalently Vci Vill qua i
n 2 then odd powersappear

eg tlz.nl Them
712,4

Positive tons knots have positive powersof a inthe Jones polynomialby our normalization

Thant I Tle n yn i

when nel U t 2,1 Tl2 1






































































































































Disjoint union

Diagrams D Da DWba B B

If L Is R3cs La I s c 3 c s

Then Livia UsWIS s 5,3 53

if a a
Note Divo D CD
proof by induction on of crossings inDa skein relation

Wtf la a

writhe wedUda web wed
via vital i olla a a

Iq a
connected sum

If K S m3 es ka si 41h3 E s are knots I get

K ka S s e s s

Y Y
is another knot

on diagrams

r me 3 then D De

This does notdepend on pt

en
CED I

Exercise VCK ka Vik Vika

To see knots knotInfo or knotAtlas






































































































































13 Crossing number

D Eg A B I D r where D v A B remember D A Z A

Let MCD maximum power of A in D

men minimum power of A in D Mul of components in Dafter
MulD maximum power of A in CD u Evita 1Drl resolving via ve tis
much minimum power of A in CD u Evi 2 Drl

If v.v e Ii say v e v if vis ri ti

ut ti ti v c t 1 then v e v e ut f v e tin

say v e v if vis 1 v it and vi Vi t it

Lemma if Vc V then Dull Drl Il

proof Let Dr be the diagram obtained by resolving all crossings according to ri vi except ith
crossing Then Doj has one crossing and must look like

A note crossingwill be inone
component rotthecrossinga

y
or b of two componentsotherwise

we'd havetwocrossingse.g

101
plus a bunch of circles Resolving according to vie l andvile1

a M

g
I It a

ref five
8 000

Proposition For all ve Ii MuD E Mutcd and mold Mu D

proof If u civ then Mu D 2121001 and Mr D Ev t 2Dil Ivi ta IDri l
MvID

Ivi't z Dul 2 Fyi't z Drl 2 Ej u I alert Fritzi Drl Mv'D Mold

Forany v we can find a chain voi er sieve Lieut MuldleMu D s E Mutcd
and similarly for second statement turn negativesintopositives

Cor MCD e Mutcd and MCD s mu D

pf D I Dr






































































































































so MCD MCD E MutD mu D

In allDutt you

Y previous proposition
n 21Dutt n 21Du l by definition

where n of crossings in D

say D is connected if the space ofthe underlying plane curve forgetting overand under crossings is connected

es CY O O
connected not connected

Lemma if D is a connected planardiagram with n crossings

IDutt IDu le ntr

proof byinduction on n

n o Dutt Du l

In general choose a
editing of D Let D and D be the diagrams obtained by resolving that crossing

At least one of D andDt is connected since D is suppose it's D Then I D l I Dttt e in 1 2

by induction Also D It s Dt 10 1 E 111511 1 by our lemma 101 1151111
IIDl I Dtl s n 1 att ntz But D D so
115 I late 115 I 1lbttt ti s in 1 a i

ID I t Intl Entz

If D is a planar diagram let CCD bethe number of crossings in D

Cor if D is a connected diagramwith i crossings then MID men EMILD ut m D v l where
D r AEvil A Z AZ Then MutDl mu D

rt ID v ti CID
MILD rt MILD u t CCD 2Dutt D a Du l

2CCD t 21Duel 21Du I
E 2CCD 2 CCD a

4C D 4

Definition say L is nonsplit if every diagramD representing L is connected That is I Lutz for
Li La nonempty

Definition If L is a link its crossing number is CCL min D Dis adiagramof L

write Malva maximal power of q in v4 and
macula minimal power of q in well If L is split then l l uh so

L UIL ul iz u o

v10 I v14






































































































































Thm Kauffman if L is a nonsplit link then

CCL Mq vill ma Vill

pf if D is a diagram ofL Dis connected and V14
a a a

So Malvill macull MA TCU ma 514 4
4 CD 4 4

2CCD

Example L T 2in
L q 1 94 96 98 q2n

so Malveil ma vill 2n
CCD n

hasexactly ncrossingsBut 7121

citizen n

NB T 2in is nonsplit since q q f VIL

14 Alternating knot

Dfn a diagram D is alternating if as we traverse D crossings alternate between over and under

eg 71214

g
is alternating asis every 2n

figure 8 knote9
is alsoalternating

L is alternating if it has analternating diagram andis nonalternatingotherwise

nonexample not alternating but boring unknot

713,4 not alternating

CEE






































































































































Den if D is a planar diagram a checkerboard coloring of D is an assignment of colors black orwhite to
each region of the complement of Dgraph such that the colors on either side of everyedgediffer

Dgraph is the underlying planar 4 valent graphof D

example

Lemma every planar diagram has exactly 2 checkerboard colorings related by switching color

proof Fix a region Ro For any other region R picka path 8from Ro to R which misses vertices of
Dgraph Then the mod2 intersection of 8 with Dgraph determines the color of R fromthe colorof Ro
This does not depend on the choice of 8 since everyvertexof Dgraph has even valency 4

r o mod 2 n of loop is zero so they mustbesame
4mode

Given a checkerboard coloring of D we canform two newplanargraphs BID web where verticesof BCD are

the black regions and edges are the crossings ofD

eg X then BID
edge goesthrough crossing

similarly for WID with white regions

1 then BID and wede.g X

jig
and wed

observe that BCD and wed are dual planar graphs That is vertices ofweb complementaryregions of BCD

and edgesof web e edgesof BID

eg 1 II and 21

1yd






































































































































Example TL2 n BID

q
nveggies

to findweb

Figg n vertices
n edges

At a crossing

X X 2 possibilities

I I

we'll saythat a coloringis consistent if all crossings are I or all crossingsare I

Taking

Yyf thisis consistent

Lemma if D is a connected planardiagram then D is consistent iff Dis alternating

proof

f
c

type I

this
crossinghastype I

iff crossing alternateas
I gofrom cto c

D is connected I get to all crossings using thismethod so D alternating E Dis consistent

Conversely given a planar graph B there is a unique alternating diagram D with BCD B

To construct D
11 start with a disk around each vertex ofB
21 Add a crossing along each edge thisdetermines Dgraph
3 choose all crossings to be consistent with coloring

Er FI
Fy

t choosecrossings
figure 8 knottobe consistent






































































































































If every crossing is type I then

Y

11 Y
roundborderof
blackregion

roundborder
ofwhiteregion

so components of Du are boundaries of black regions and components of Dut are boundaries of white regions

or

CD
0

Lemma if D is a connected alternating diagram then lov I t Intl cotta

proof Du I of vertices in BCD IDutl of vertices in wed
faces for BID

So BID lies on a sphere so V e F 3

Ipu l e t lbut1 2

and E number of edges of crossings D
Hence

pp I but CCD 2

oilozizon

Last lecture

prop There's a bijection

connected alternating connected planar
graphsplanar diagrams

D i s BID where we
usetype a
coloring

Remark mirror D is equivalent totaking planar dual switchesblack t white graphs






































































































































blackgraphe.g e.g

BJJ T
oversa

D 5

a

it an.am
k k

observe that Bob and win aredual planar graphs Thatis verticesofwas a complementaryregions ofBcp

eg It Mf and 21

if
The set Dr boundary of the black regions

but boundary of the white region
ByEuler IDutt t IDr I D 2

Example D alternating diagram of unknot but does not have minimal crossing

Den A crossing C of D is nugatory if D looks like EMI

Ata
or

FIE21 u

n n n my mywed has a loop
still assuming all

W

0

sins are I

21BID has a loop edge with both endpoints the same vertex
Wen has a bridge

we say D is reduced if it has no nugatory crossing

BID has no loops and no bridges

Bo and web have no loops

Lemma if D is a reduced alternating diagram then meal m bore n 21Du l
and MID MC Dut ht albutt

proof suppose that v civ The diagram obtained by resolving all but the ithcrossing looks like

youcangetto a
land a bunchofcircles A if bridgebyresolving

butyoucan'tgetto
a loopbyresolving

since D is reduced no edge of BCD is a loop so diagram looks like A insteadof

greenedge remaining isfromoriginalgraph
so Al IDu I IDuilt from our lemma

miso u t c mKD ri
mica u t c m by for all u

since D ECD v m D m D v similarly for MCD and but use whitegraph noloops






































































































































Corollary if D is a reduced alternatingdiagram then

MCD meal MCDut MILD r n z Dutt f n 21Du l
2 n iput It IDu 1

e an 2 anta an 4

where he crossings in D

First Tait Conjecture
Theorem if L is a nonsplit link and D is a reduced alternating diagram of L then cut CCD

proof if D is any diagram then

D E Ma Vcu ma v4
s I MIDI MIDI 41 2CCD by corollary

1 5 Maximal Trees

Recall how we compute

FAST a If a
1 a'to

GI a CAD ACE
f's 1 As

want to think about what happens totheblackgraph

Operations on Planar Graphs
squashconnected planargraph

If e is an edge of a which is neither a loop nor a bridge then ale remove et and ale collapse

e to a point are also connectedplanar graphs

If D is a connected planardiagram notnecessarilyalternating wi a checkerboard coloring and c is a crossing of D

diagram

Assume c is non nugatory a corresponding edge e is neither a loop nor a bridge Then we have two resolutions

B D BID le

BCD BID e

it I






































































































































Definition if G is a graph a maximal tree of a is a subgraph whichis a tree and contains every vertexof G

Ex org has 3 maximal trees no and our

Definition A connected planar graph a is small if every edge is either a loop or a bridge

Proposition If G is small then
a G has a unique maximal tree
b If D is any planardiagram with BID a then D can be unknotted using only RI moves istheunknot

proof Cal no loop can be an edge in a maximal tree Let a be the result of deleting all loops from a Every

edge of a is a bridge onlymaximal treeis a itself

b G is a tree choose u which is a leaf of G If u has no loops attached to it in G then D
is as shown

so D can be simplified by an RI move reducing of edges in graph Then do induction
If V has loops eggo find an innermost loopattached to u then it looks like

so D can be simplified by an RI move reducing of edges in graph

After simplification the new graph still hasonly bridges and loops By induction the corresponding diagram

will be reduced to a single vertex which has associated knot the unknot

Recall a subgraph G is a maximal tree iff
a G is connected Xcal V E F
bl ra Va en en1 to
c x at t centercharacteristic

deleting does not disconnect graph
say an edge e is interesting if it is neither a loop nor a bridge If e is interesting then we have twooperations
ale remove e and ale collapsee are connected planargraphs

Definition let MCG Tca T is a maximaltree






































































































































lemma if e is an interesting edieof then there's abijection

uca as ucale vacate
t t c ale if eft

The case if ee t

proof using criteria it it's easy toseethat the imageof T is a maximal tree and the inverse is givenby

TEMCGle Tcg
T eucale Tve adding back theedge

standing assumptions

D is a connected diagram of a link L a Bed and write so Is ffa z 1 A vill
a a

Proposition D E
gene
at D f t n some function nottooimportant

where G Bed is small has no interesting edges

proof By induction on number of crossings of D

D O is obvious Given a general D if a BID is small then I'm done otherwise choose an interesting

edge of D and resolve the corresponding crossing Then

LD A D A Dy

BCD BCD ale ale

Byinduction applied to Die and D D AtlIncant D t AI E At Dt
Teucale

Bylemma D I Af D
Tench

Best way to think about this is via binary trees

IED
i

CID
A A I

GDG.j.mn






































































































































Corollary if V14 q Ʃ a 9 then tail MCG
D EcaA D

proof D small DT A WCD

Thenyou multiplybyfactors
sum aca term that it ice L

nothing the coefficients
ofA togetveilwhichdoes

Definition polynomial peg q Ʃ aig is alternating if aiait so vi

Example V T 2nl qn I 94 96 98 9 I 92 is an alternating polynomial

Theorem if D is a connected alternating diagram then recall alternating diagrammeans
a V14 is alternating and crossings alternatebetweenoverand
b Elail I V14 az it MCG under as youtraversetheknot

proof suppose D has a type I coloring soevery crossing looks like Then the resolutions Die and D
are both alternating of type I coloring

D Gle if v14is alternating

D I Gle

Consider heal Va a Under our operations

at a ale then

It

A G Gle then
V V
x x
h n t

The net result
Aheat heat

simplify DT using RI moves To simplify Dt either

remove a leaf so that w wt

M and r r t x x
h n t

or remove a loop so that w w i

N and V v

h h 1

So change in writhe w is opposite to change in h so






































































































































weo
x I
v

her
we 2 h by induction

tenca
A

heat
In summary D Z

I
Ahlen heat a

went

I phial
heat ayeheart

Ahca't z cg
heat ay heart

whichis precisely an alternating polynomial in A vill is also alternating

a b is easy look at coefficients of polynomial

Definition if L is a link it's determinant is det L Nlt at it

Theorem if L is alternating detch Mcat where a BID is any nonsplit alternating diagram of L

Note that if L issplit qt g1 vill detect o split can resolve into a linkwith disjoint unknot component

corollary if D is a nonsplit connected alternating diagramof L then L is nonsplit

proof dett MCBCD o

open question is the elk Kal ki ticket
True if ki ka are alternating
Best general bound Lackenby

C k ka s cake cake
152






































































































































2 Alexander Polynomial

2 I knot Exterior

Tubular neighbourhood Theorem if NCM is an embedded submanifold with normal bundle Unim then there is an
embedding j DlUnam GM with jos inc Num

Ideaof proof useexponentialmap exp Tam M which sends venom to ruin where ru unique geodesic

with 2 o n and r'lol r wepickany Riemannianmetric consider explunim Umm int cTM and compute

deep id Define jiul expert anduse inverse function than tosee j is an embedding

An aside Links in 53

Definition an oriented n component link in 53is an isotopy class ofembeddings L Us s

Note 1123 c s conepoint compactification so we get a map by inclusion

Y oriented links in1123 oriented links in S

Standard transversality arguments show that
11 y is surjective any loss is isotopic to L whichmisses o

o is a o dim submanifold of s and i a t dim submanifold

21 Y is injective any ex I s generically misses a

x I is 2 dim and a o dim

Links in IR links in s

Return to TNT

Suppose NCM is a smooth submanifold and let u 0min be the normal bundle with so n 0
the zero section

Definition j Deut M is a tubular closed neighbourhood of N if
a joso idn
b dj son Tsoi V Tum

12 1211
id Tantra Tan Un

Tubular Neighbourhood Theorem if Ncm is a smooth submanifold then
a I a tubular neighbourhood j bloom
b if j j Dev m aretwo tubular neighbourhoods then j i j isotopic

idea of proof al define jct expiculer where expner 811 and 8 is the unique geodesic with riot x
and 8Col v pick a Riemannian metric taking e sufficiently small
b Define me u u v er then j j ome and j's.jome so it's enough to prove that

i Deco i j peers Argue as in proof flees dfla similar to first lecture






































































































































Definition if NcMiss smitti submanifold and j Dco com is a tubular neighbourhood the exterior of N is
M j Docu denoted En

If L Nam is an embedding write Ec Eimers Note Ec is a compact manifold with boundary 2Er sco
The complement of N is m N which is a noncompact manifold we have M N En open2En x co o

9
idea likegivingusing on go Sh x o.o In particular En M N

up until N
backeverything

Example Let w S es s be the wild embedding from second lecture

rig
then it s im ul is not a finitely generated group 53 im w is not homotopy equivalent to a compact

3 manifold with boundary so w has no tubular neighbourhood continuous maps are not yourfriends

Need smoothness But s inch is a smooth 3 manifold wildend

Lemma if K s as then Ossie is trivial

proof Ossie is a twodimensional vector bundleover s Bytheclutching construction such v b are in bijection
with it oral to Coca which hastwoelements Explicitly T I R coins cent

reflectionM I xir con
r m2 in

Notice that M is nonorientable as a vectorbundle Dem is nonorientable as a 3 manifold But 53 is
orientable so Dem s so it must be that us in is the trivial bundle

So DCussal I s xD Ock notation

Picture

n ke s xp

generator of her red curve
suck t Themap itH 201k Huck has Keri a Leap

H Ta a s xD

1 K

An orientation on k determines a preferred generator m for Kerlin according torighthandrule or alt intersection
K D2 I in it luck a k Cab's in 4 120 k

This m is called the meridian of k






































































































































Proposition suppose L US 53 is a link Then

ten t.EE

and H.IE Cmi mn where mi is the meridian ofthe ith component

proof 53 EcVance2014 UCC tubular nhood of L By lemma V14 I s xD and
2014 IT homeos consider the mayer vietoris sequence

4953 pcn CT
Homology of solid toms

Hien is

iiii iiiiii iiii
consider that 2153 Ti Halell I 7in1

Also 0 72 into H Ec an H Ec 7in and i mi to Hilee cmisi.n.in

This is disappointing since the answer doesn'tdepend on anything except of components of 1

Let's also compute Ht Ek 2Ek By LES

2 2 Seifert surfaces

suppose NCM is an n dimensional closed connected oriented embedded submanifold withinclusion i N M

Then Hn N 7L ENT and write N ENT cHnM

more generally

m
m EH T2 loop

now suppose N 2N M 2M where N is a compact connected oriented n manifold with boundary on 0
Then LES of Nian looks like

with

2N HnIlan Hn.in

You






































































































































Then Hn Nian 72 Nian write Cn an h Nian etinlm.am

n

d

En2N E H SxD sixs

we have a commuting map of Les ofpairs

mm

i Hn N tin N2nd 7 tin i can

fix fix fix
HnM hnlm.am I Hn am

Hence 212Nan Can e Hn am

Homology ofthetorus

Proposition a H174 722

a if a e Hilty deer where r s t is a simple closedcurve iff a isprimitive

i.e at Kpfor some k it and
3 if 8 2 s ut with er er then 8 i r

proof think about2 cut tons along r
3 mapping class groups

suppose k u s is an oriented knot Then s Ek Uauchock where Ock I s xp so suck sixs t

m memost is the
meridianof k

Beforewe'veshown that tix ex I
oil

otherwise

Eid my






































































































































Definition a seifert surface of k is an embedded oriented surface s 453 with as k as oriented

manifolds

Example unknot
a

Tubular neighbourhood theorem we canchoose ock suchthat luck shock Dcussial TsnDlUssa

Picture

Sis our seifert
surface

Tk Ock

snuck is an annulus bounded

snuck
by Kand theboundaryof ucla

Snuck is a tubular mood of as in S K x s

Then s shek Is homeo
snuck Isles

prop y as e Hecate generates Kerin H aek Hiler remember dimis1 2 sodimas
a Cm Cas's is a basis for H send

31 Ht Er sent a 2.3
otherwise

and Helen2En Es as

proof Les of Ek see

compact connected
orjust see t

i i
Hilal

71 i a

3
is
i o

o otherwise

me H aer it surjective
2

I I y
Hand O He Er 2Ek 1H Zen I Hiler o

previouscalc






































































































































consider Cs as E Hac er seal Let e 25s 2s as Byexactness eekerix Also e is primitive
since it is represented bythe embedded curve as consider j Hilder Hiluckll Then jt 25 Ck
generates Hilock e to in Hilder

1 follows from ee ker it In is a montero primitiveelement
21 follows from 1 since sequence splits aCaen cm tokerix and
31 follows from t since l ales as generates in2 Kerin

Theorem every k s has a seifert surface

2 proofs

Seifert'salgorithm given a diagram D of k construct a seifert surface
1 Give every crossing theoriented resolution

r

I fer
2 Resulting diagram has no crossings anda natural orientation comingfromthe orientation onD
3 Let c be a circle ofthe resulting diagram It bounds a disk be cir Let no mod2 of circlesin the

oriented clockwise

orient be according to sum metre color be red if netra is odd and blue if netra is even
4 Attach a band X of surface at each crossing

j

I
Example 1 example 2

o

o
if

no ne

y y ggg
bluedisc likeanole
whereyoucanputÉ yourhandthroughbetween
redandblueaint






































































































































proof 1 Seifert's Algorithm

2 each circle bounds a disk be at height he above blackboard

Need to check that 4 is compatible with orientations equivalently if c c are a circles at a crossing then

notre no re mod 2 Resolve all crossings except this one we getthree possible pictures

not thesame colour

ii
1 I
000

rare
no no't

so 1 1 holds in all three cases To see that S is embedded it's enough to look at a neighbourhood of crossing
we have two localmodels

ne ne retro no no ti then re re and

011 x
A

asc2Ek since s is a
regularsubmanifold soargue

Proof 2 sketch

pi L.ieswI Ii it ca tae
CE IR and H'CE.ir H'arce

Fix some poc Er and define fa Ek s 72 by falp So α where sp is a path frompo top
If Xp is another such path

So α Sipa So op
a E

ifeng.fi

so falp is well defined in 72 fa is a smooth map so pick ne s a regular value of fa sard'sthml
Then s fa a is a smooth submanifold of E with as caEk we have as PD i a Hilde
exercise This classis primitive in Hilden 5.25 generates Hal Er 2Er 72

S is a seifert surface






































































































































summary
1 Every kiss has a seifert surface but it's not necessarily unique
121 The class as Hiler generates ker H.laEat H Ek and satisfies j 25 k where
j 2Ek Uk is inclusion This does not depend on choice of s

Definition l as is the homological longitude seifert longitude of k

3 2Ek has a preferred basis m.es where m is a meridian for k

Links if I UL s is an oriented link where Li are the components of L then 2Ei Waite
2 Ec 2 UCLill So H site has a preferred basis mi.li where l seifert longitude of Li
forget other components of 11

Then cm mn is a basis of H Ecl But usually ei to in HilEc

A Seifert surface of L is an embedded oriented 5 4 53 with as L They exist by seifert's
algorithm but nb ais Fei

Example L T 2,4

2 4 2
4 4 0

2 3 IT EL

2 presentations of IT Ec coming from a diagram Dof L

Dehn presentation Generators are finite regions of IR IDgraph Relations crossings

x

y aw 4 In

Example infinite
Tegion

correspondsto IETICEL

generators a bind
relations 1a cb

a b ca db

da i b

presentation a b cid a cb a db da b






































































































































a cb a db da b
But C ab d ba

s a b aba bab

Take basepoint o e s m3u a

generator associated to a region X

xy wz l

going into pageYo I 9 o goingout of page

red and blue are homotopic

Wirtinger Presentation

Let D be an oriented planar diagram An arc ofD is partof D that I candraw without lifting upthe chalk

Eg

iggy
hasthreearcs givenby 3 colors

If there are n crossings then thereare n arcs The group Gwin has generators r on a ares andrelations wi un

corresp to crossings

I i
r retire ri ri r rn

note all ri's are conjugate toeachother

Eg re o o ti Itt

f
eliminate 23 then

8 838285 H tt 8 o o o rara ri ri
o r.r.si H H re river ri's

These two relations saythe samething and
8,828 822,2

Gwirt a re g r g

8201828 z 1






































































































































Geometry of Picture

ai

o e

Then ri is a loop starting from a andgoing around are i compatible with right handrule
The relation

I j
rink rirn in net effect Oi

irk

i ji o

claim Gwin I Gpenn

Pf Define a homomorphism 4 Gwirt GDenn if we have a o a then let 418 ai ai't

This is well defined if we have
a a

a a

thentheDehnrelationsays No a.az ayaz which is
compatible with our definition

If we have
a

a

a

then
girdecoiletri I

lag
939 a

ay a I

Now define Y Gpenn Gwirt as follows Pick a path Ci from region i to infinite region

inregion i

Siirt
Define Y ai 8 t riot 8 where the exponents are determined by the sign of intersection

Eg in example 4Cail ti ti tis rit need to check signs

Weneedto check that 4 ai doesnot dependon choiceofpathci to o But this is givenby the wirtinger relation
for example

us

i k
r noir






































































































































changing the path doesnot change definition of 4 we cancheckthe Dehnrelation at a crossing

a a
41a a ri play as

Exercise check 4 and 4 are inversemaps

Proof that it E o I Gpenn

step 1 let UCDgraph be a union of balls around vertices and D're around edge e

o o
e g

remember our diagram lies on so e
Dgraph

oldgraph

Define Ep 531IntlVCDgraph Then Eons s plane of thediagram Dov uDnt a union of discs
one for each region and Do infinite region

mydrawing

E9 Xm
Do

Dgraph

consider Ennis lues B v13

Picture

bit B

This is where the diagram lies
pi

s

D B

B
iii i i

so ED Ys

rememberthis

this red graph whichthen deformation retracts
to a bouquet of n circles

squash eo






































































































































Hence it ED I can anti is a free group with generators ai where the ai are loops on the graph

But these ai are exactlythe Denn generators

Step 2 look near a crossing

Damn
y

Notethat 1331 B'sDgraph strong deformation retracts to sells'nograph radially projectfrom
origin centreofcrossing

Now consider a region of the knot

s
gomeo

B Then Be1113714 sdir to 213 1 arsenic

B

so B Bink s dir to say sane uz ee
theredregion

so Ee eno n z cells one for each crossing

it er it Ep c dei where ei is the ith acell what does this boundarylook like Lookingdown into the can

ar sea
a

y
iawhich is exactly
egg

0 94






































































































































15102

Ambient Isotopy

Definition Suppose no n cm are smooth submanifolds we say noandN are ambient isotopic if theres a
diffeomorphism f m m such that
1 no n
2 f i idm

f Mino I MIN

Ambient isotopy isotopy

let io no M be the inclusion and i no m i foio Then io no no i no n and f iidm
so to io i io i.e i Tio

Theorem if N is a compact manifold and io i Num are isotopic then no ioan is ambient isotopicto Ni i n

i e isotopy of a compact manifold ambient isotopy

Lemma Suppose Nem is a smooth submanifold and ve teen is a vector fieldon N Then I Veecim with Vln v
11.11 Riemannian metricchosen to definediscbundleonUnm

proof Let i D DConim M be a tubular neighbourhood ofN choose a splitting TD TN to uniml
where it D N is the projection Define ie TcTD by itw pillwill viral e it TN cittern
where p coils co i pox so if a 314 if x e44

Now define Vln dj itu if u jcw and o nd Ime

Picture N

FY
Proof of Theorem suppose F Nxt n is the isotopy then I Nxt next is an embedding ix tin Fix.tl t

Let it imÉ consider a vector field ve scent u di ft i.e vceca.ti.tl fittent it E TM TI TcmXI

By lemma u extends to VeTCMXI Vliet Vopitt feet E TM TI where Vo pit is a timedependen
vector field on M So let di Mx I M be the flow of V so 9 pit vole.tl and 9 ceca.tle It eca.ti.es
By uniqueness of solutions to Obe's Olivx F so I is an ambient isotopy between No Flnol and N Final

Corollary If io i Nes M are isotopic and Nic im ik je DCominic GM is a tubular neighbourhood

then No is ambient isotopic to N

proof No and N are ambient isotopic via f MIM jon tojo is a tubular neighbourhood By uniqueness of
tubular neighbourhood tojo j jo j image of jo is ambient isotopic to j

Corollary if Lo L I s as are isotopic and jo j are tubular moodsof Lo Li then
s limljo I 531in ji

g
uptoorientationpreserving

diffeomorphism






































































































































Corollary unknot X TC2,31 trefoil

proof Eu S xD Itil Eu 72 and it Etc it 81.221210281 828.82 This is nonabelian since
it has a surjectivemap it Etc 53 8 m 121 rats 231 so til Eta a tic ul

Remark IT Etc any n2 y3

2 4 Alexander Polynomial

Let Kcs be a knot and considerthe abelianization map 1.1 it Ek H Ek 72 Then Kerl E MICEK

By the correspondence between covering spaces andsubgroups there's a coietingtedspace p É Ek with
it Ext Kerl 1 But Kerl l is a normal subgroup so Ek is a normal covering with deck group
GDeck Helen Kerl l Hi Er 271

Definition Ekisthe infinite cyclic cover of Ek

Fact Etc X a cell complex with I o cellp 2 icells arb and I 2 cell attached along

n

b

exteriorof T2,31 na
n means homotopic

so it x Cabtw Hi Et

we have that C x 71 x x
us can cps

aw anta b a b a b

If e D x is a cell then it ok I so e lifts to amap I Ek

é I

e DK I

and a peek k th acts freely and transitively on set of lifts

since D is simply connected and Ek is path connected then there always exists such a lift

t p p t p t p

Let a be the lift of a with a'co p Then a in t p tp similarly 5101 5 511 t i tp
choose basepoints lat abelianization ofa






































































































































Picture of action of GDeck
t

an ii
Let w̅ be the lift of w with w̅ o 5 then w abab a b w̅ D I p

iii
Then X is a module over R 72 GDeck 7L72 7L t

looks like X
a

I fiiRectaiKcs a knot Infinite cyclic cover p EI EK with Deckgroup GDeck K Hi Ek

say 247 4 Ek Ek a diffeo

Definition the Alexander module of k is ACK Hi Ek as a module over R 7L HICEK 7112 K t i

where t.ae a

Ex a k U then Ek S xD so E IR D ACKI H EK 0

b K T 2,31 then Ek_ with

x ̅ R Iron

But Kerd 1 1 and imd 2 ten tatt 1

Alk Hi En er'd.limidz

an

E t2 tti 0
Hence Eu ETC

Remark if I is the mirror of k thenthere is an orientation reversing diffeomorphism that takes S3k 53 I
EE is orientation reversing diffeomorphic to Ek But the above stuff is insensitive to orientation in particular

it Ek and Ak are too it Ek Til Ek ACK Ack






































































































































But we know T 2,3 531 TC 2,3 e.g different Jones polynomials

Theorem Gordon Leake if Ek is orientation preserving homeomorphic to Ek then k ik Thatis to

say knots are determined by their oriented complements

Etcz does not have an orientation reversing homeomorphism If it did it would be op homeomorphic

to ETFs so that T2,3 i TT a contradiction

Let ACK Q H EkiQ so ACK Q is a module over RQ t But RQ is a P I D
Notice that Ek Xk which is a cell complex with i o cell n 1 cells and n t 2 cells
This is from the proof that we gave that Grenn IT E built some handlebody which is to a wedge

of circles and then attach some 2 cells to it

Ek Ek which is a cell complex with cells tie it72 and e a cell ofX

x ̅ R R R

is finitely generated over R H Ek Q is finitely generated over R

structure theorem for finitely generated modules over a D I D like struc thm for f g a g

HILER Q 1
0 ke Rur

Lemma H EI Q is a torsion module over RQ no freepart

proof
Wmf

a x by setting t t Algebraically this says Xk XkOr Me
where

By UCT Hy XK O H Mt t Mt i

H lEk Q

Consider Ho Fri I Q since Kk is connected

t 1 a acts by identity H Eic 7C soUct Hi Ek Q a
Me

sowhen 1 B TorfHoxk̅iQ Mt 1 Tor Mt 1 Mt i Me 1 0 So we have

a HICEK a Hiltrial a

comesfrom H En X 771 andsoby Uct Hilek Q EQ
Sinie Ek Xk where k is our cell complex description
From above act

I H xk̅ Q Mt I Q

A H Iki Q Mt I 0

can then extend this result to nigier
defies fee iii

free part

any H x ̅ Q has no freepart






































































































































A consequence ACK Q RQ P Pr is a Torsion module

Define the Alexander polynomial

Δk t it Pi E Ra

to be the order of Alk This is well defined up to multiplication by units in RQ i e up to multiplication by
ct where CE Q i e7L

Example Omodule

where fig means f ug where a is a unit

2 5 Fibred knots

e.maa.sn Ymm ibri i fatherL useme sf TI'fi.leeven ini i
uian

aiiiii.tntamaiieeimi.iiit i iiii ism i.im
a

i i n

Exercise M fibres over s M 0

so T2 fibres over s but Eg does not if gal

If M fibres over s then I want to say that Hilm Hils Sinie s 1 1 0 Ml s o

Given M as above consider Ñ int EMXIR f P is
aangibre

product

Ñ IR
P

al The map F M IR x t t is a submersionsince f is
b Themap 5 M M Cnt n is a covering map with deckgroup7L since p is a coveringmap
with Deck group 7L

a diffeomorphism α FXIR Ñ since Ñ is contractible any fibre bundle over a contractible
balse

istrivial
b a decktransformation β M M Cnt x tti 9

Composition

ii Iii Ii
Fx 03 7 11

defines a map 4 I F which is called the monodromy of fibration






































































































































Then Mt M a F heat i no e or y

Definition k c s is fibred if Ek fibres over s If so I can choose a fibration f Ek s such

that F f i is connected exercise

If K is fibred then we have a covering map Ék Ek with deck group K by the construction
we just did This must be the infinite cyclic cover since the onlysurjectivemap it Ek 71 is the
abelianization

Soby al Ek 7 112 and so H É Hilt

How does t act t X p X i.e t Hilts Hilt is given by 4k so as a module over Ra
H Ek H F Ra t n 4 14 In other words H Ek coker It Hi Flora H F a Rat

I 4 1

Summary if K is fibred i e Ek fibres over s we can write Ek I 2 1 where
not 19174,1 and 4 isthe monodromy asabove here I fibre F consider themap I EXIR EXIR

givenby OIthat Gmt til Then I generates a free properly disiontinuous action of 71on Exir Theset
Excoil is a fundamental domain fortheaction ofO so exIR of 24 50117 In Ek Thequotient

map p Exit Ek is a lovering mapwith Deck group K The corresponding homomorphism tiled 71

I correspondence for covering maps must be the abelianization map since any map factors through H Eic 271
Hence p is the cyclic infinite cover and we havethat

prop if Ek fibres over s with monodromy f 2 thenÉk Ex IR The action of the
deck group is generated bythe map ait 4K ttl

Corollary If Ek fibres over s with monodromy f E E then

Ok t det TI 4 1

where ex H12 H El is the homomorphism induced by the monodromy

proof For the isomorphism H Ek Hi ExIR 74,12 the map Ix H É Hila is given by

homotopic to Ig forsome g and H Eg 71291 the 71ft module H Ek will be generated by the ei

EI 4 1

Corollary If K is a fibered knot then ok t is moni andof degree 2g where gis thegenusof thefibre






































































































































26 Torusknots

consider s as s ca z w e a 121 t tweet can also identify s with IR via stereographic

projection from Cosi This identifies six o with the unit circle in ix y plane in IR

Define T min the min tones knot to be T min tin e s am w

If so we have 121 t in12 1 and 121m twin so 121 t 1212min 1 note for r tr min

is a monotonic increasing function of r so 3 r with lat r satisfying these equations so t min

lies on the torus caw es later and Iw 2 1212 15

This tones looks like

w o in s
n IT solid ton

no
Timon lies on here

write a retie wer e i then mo ne modi

Then Timin is a line with slope min eg en 2 n 3 then

EILEENa

The map f Etmin s given by flaw Zm w
pzm.mn

is a submersion so T min is a fibred knot






































































































































In general Tlmint has a diagram

d

n tmtwists

Ym twist 11,4

for example
0

Consider f 531T min also s

z WI ah wm
5 Es

This map is a
submission and tmint is fibred

Plenty of other knots are fibred e.g figure 8 knot

2 7 Presentations

Definition suppose M is a module over a commutative ring R Then M is finitely presented if there's an

exact sequence o Rn I am M o

and this sequence is a presentation of M

If ei o i o e Rm then tiled elem are generators and pled peen are relations between
the generators

pmrows n
lolumns

Write Pce É Pijei say mxn matrix Pij is a presentation matrix for M

mm
Fact If P andP are two presentation matrices for m then they are relatedby a sequence of elementary

Denote generators ai itceil e rows

relations rj Pce a columns

General idea Plej ÉPijei forsome coefficient Pij now applying the linear map it to the relation
represented by Plej gives as it Pleil IfPij'tCeil EmPijai Notice that we'resummingdown
the column






































































































































Then the moves are

moves

1 add a new generator amt and relation anti O

P If p

The new matrix has the same generators andrelations coming from P butnow we have an added one
one more generator from onemore row and the corresponding addedrelation

it P emt it oe to eat theme so

ITCemail am o

ai
das21 add a new relation 0 0

repair ai
w

p p o

3 Replace ai with ait aaj for some a ER

P P where you do an elementary row operation

jthrow of p is jthrowof p t at ithrow ofP

p

The general idea the relations need to stay thesame inthe sensethat replacing ai with aitaaj as a
generator does not mean e.g ai ta o lait aaj ai o Let's think about what happens when

we look at the columns of thematrix we'll use stupid notation sorry

Remark that T plej ÉPijei ÉPij ai e pi a t pm am so

replacing say axwith art dae givesus for all 1 1 in

P a t Pajakt tpmj.am Pyatt Pic artaae t pmam

For this to bea relation we'll need Kj columns to subtract Picidae This becomes then

Peja t pic an dae t Pe Piga ae t Pmam o

Clearly then the ethrow is then ethrow a jthrow

4 Replace ri with ritprj PER
p es p where ith column of P is ithcolumnof P t pith column ofP

Relation it ri o and it ri Bri ri Biter o

This is pretty much immediate

5 Multiply rows columnsbyunits






































































































































universalfactorization primipalidealdomain
domain

Now suppose that R is a UFD weaker than PID If a a E R then there is a god

goalan ok that is well defined up to multiplicationby a unit

Definition If P is an mxn matrix over a UFD R let eocp be the god det 5131 over all I s.tt is an
mxm submatrix obtained by deleting columns of P if men or o if mon

Lemma If P and P are related by an elementary move then eolp neo P where means equal up
to multiplication by a unit

Sketch of proof Just checkforeach move using thefact that det is linear on rowsand columns and fact that
god x y goalx y tax

Eg adding rowsand columns may not always be case thatyouget eg both columns i and j in the mxm
submatrix but there will be another submatrixwith the column that wasadded Then takingthe godand using
the last observation above the god remains thesame

Definition If M is a finitely presented module over a UFDR let e m eo P where P is any presentation
matrix of M Thenthe lemmaexactly says that this is well defined

Example If R is a PID then eolm orderm if M is torsion or o otherwise

pf choose a presentation matrix in Smith normal form

2 8 Multivariable Alexander Polynomial

Suppose Less is a link with n components

Definition The universal abelian cover P É Er is the connected covering space givenby the kernel of the
abelianisation map 1 1 it Ee H Er mis mn kn

Ec has aDeck Hi Ee kn so H É is a module over 71 H Ei 712717 72Ett tnt Ri

Recall that the Deckgroup of the ionnected coveringspace corresponding to the subgroup Kerl I e TILEL
is given by EYker 1 Butthis is precisely Hiler tagline HiEe isthe abelianizationofTICEL

so Ket tn is a UFD Re is a UTD

Definition the multivariable Alexander polynomial 414 eo H É E Re well defined upto multiplication by
a unit in Re I t.at tn I

remember this means we find
Example HicEtc Ria t tell apresentation for H lil and

then anypresentation matrix
A aces a t ttl






































































































































2 9 Fox calculus

suppose is a cell complex with 1 o cell P m 1 cells an am and n 2 cells attached along

Imamp
n

Text am wi wn and Hilx 72 T T is torsion Define

HT Hilxly 7L

we have the abelianization map giving a homomorphism

let p x ̅ be the covering map corresponding to Kerl 1 Then Greck I 72k Then x ̅ will
be a cell complex cells are of theform gé where geGpeck and é is a lift of a cell e based
at 5 preferred lift of p o cell

Since cells in x ̅ are lifts of cells in the boundary operator in x commutes with the action of
GDeck So x ̅ is a chain complex over Rx KCH.TN HE21 71 t.tl tt

Then x ̅
p I I remember Greek 4TH

whichis generated by tail
what are these boundary maps

d di starts at P and ends at taile
d ai tail 1 I

so d has matrix tail I lami I ixm matrix

da de Rx Rx where Ax dawit where dain is the so called Foxderivative givenby

da II aii É lait _air I dailant c Kenta

and daila film daila la if i j
o otherwise

Proof da wit count se
I fr ne neraIiin n

fits a infinitew̅ segment we pass over
that runover gari appearances of ai in w Lift of ai corresponding to aaip is exactly latai
The lift corresponding to aa β is tall ai't ai

de Rx Rxm n relations in generators so nxm matrix dawifi c him Thepoly daiwikind
ofcounts the change along ai ofwitsboundary in the lift ifthatmakes anysense I think it does Lookat theean

daC i É lait _an.fi daicaii











































































































































































































































































lemma dailww daiwtlwlda.tw Leibniz rule

proof almost follows from definition but should check da aai ai β da β
da aia 1β

follows from da aia I laill la i i o

Example 1 T Ix can.az I a aza ai
ie T Erezz

Abelianite

where tail ti

Then x ̅
tia

tip
t.at titer

ai w̅ t.az
remember1.1is a
homomorphism

I a tip ta

da w da ta aza ai I I a azai l i ta

da w da ta aza ai tail la aza ai t 1

so
e R R then 12 0 since It 1 to 13 t.it o

Example

Ii a a a an a a ai aila a as wirtinger presentation

anelianite tail lad last
lazt.la

it i ii iana

Hence Hi x 7L generated by tail tail last

tThen Ax

in
check that 42 0






































































































































2.10Group Presentations

suppose G S ai am I wi own is a finitely presentedgroup

To the presentation p we associate a z complex xp as before I cells a ai z cells a wi

Let Ap Axp be the Alexander matrix

1 add a new generator anti wont anti

iii iii
p Can am ant I w un anti

Ap i

P can am I wi wn Os

Ap Ap 0

3 Multiply one relation by another

p ca am I w wi w wn

wi winlet
wit w w

t

Note that da wi t da w t Iwildakw

datw t daw w

so ith cot of Ap is the ith jth cot of Ap

4 Replace w by w ai w ai

danwi taildancew

so multiply the ith columnof Ap by lait aunit to get Ap

Theorem Tietze if P and P are presentations of isomorphic groups then we can get from Pto P by a
sequence of Tietze moves

Definition if P is a group presentation with mgenerators and n relations let

Ocp ellAp god detail A is anim xcm.is
submatrix ofAp






































































































































Thm it P andP are related by Tietze moves then Dlp ocp

idea of proof check effect of operations I to 4 on e Ap up to a unit

so if G is a finitely presented group define Oca ocp where p is a presentationof G to be the
multivariable Alexander polynomial

Next time Oct Oct Eal

Example G it Etcz.si ai az as I az a as a a azazas

Found that Ap

It
t t t

t I

t i i

check that all 3 determinants up to x by unit are t t ti A 712.31

Example take 1 712,4

Then can show example sheet it tell Cama la a a a a ai a ai
find wirt presentation andsimplify

Abelianize tail last I tailt tail tail tail tail tail tail tail lait last testa
with m ti ma to Hi Ee semi.me

I titz titz ta

compute Ap Edt
t t ta

i total ti i

so god I titz Icu it titz

Note d to say exactly ti i ta il o

Now suppose P hasone more generator than relator i.e n m i
eg P Gpenn or P Gwirt ifyoumultiply all the relations together youget 1 so dependent so can toss

one relation

Then 0cal god detAp where Api is Ap with the ith rowdeleted

Proposition lait 1 detApi lait 1 aetApj

proof Ap I'm

since d o in C't Ip then tail 1 ri 0 since d tail t tant i we just compute






































































































































det
Y

ya 1 getAp det ni

g

a det lait it detAp
lait i vi Ear1 via qsimngageman

d

lait itv
im

im

jpEquivalently detApi detApi
tail i where a god tail l lame l

Exercise a

f
t t if Hi xp 771 onevariablepoly ring 111 1

if H xp 27k k i morethanone component link

e.g if Can sam generate K then godI ta l tam i t t caseit

But goal ti i ta l I case 2

corollary tail 1 8161 a detAp i

so to compute the alexander polynomial dont need to lookat all the determinants justneedto lookat oneofthem
and divide by right factor

Proposition suppose k is a knot Then D Ek neo H É

proof use D Gwirt All ai's are conjugate so lait last t Hence do t t t t and

Kerdo can am Eni o

consider the map Itm kerd I Rm projection on first m i coords so

aces
in i imApim

eo Hilli det Apm D Ek






































































































































2 11 Seifert Genus

Recall if k 53 a Seifert surface of k is a compact connected oriented surface s s with 25 K

Dfn if k 53 a knot it's seifert genus 91k min 91st s is a seifert surface of k

Proposition 91K O K U

proof glut o obviously

if glk 0 let 4 B be a genus 0 seifert surface For te 0,1 let kt 61 B where

Btis the ball of radius t Then kt is a knotin 53 with kt ik.sk via theisotopy I Balbi

For small Ʃ 9 Be delo Be And im delo c a plane so ke rik c a plane k U

Idea if a knotis contained in theplane then itmustbethe unknot Ke is isotopictoa knotcontainedin aplane which
mustbethe unknotby our remark

Ekvia seifert surfaces

let S be a seifert surface of k

Lemma Us is trivial

proof a real line bundle dimUssis 3 2 1 is trivial iff L isorientable Now s is orientable and s
is orientable 0531s is orientable soit's trivial

by assumptionof section

let us be a closed tubular nhood of s Byour lemma ves 1,1

crosssectional view

Then s is s so if Es 531interest then Es I Es e Es Es Ekles
gmaybesupposed

Then 2Es avest Sx Ii Vasai as e t.is was six tobe ves

un

sst

s
El

uh

gwhich is the double ofs

Es

s.es s s
Hence glavs 291s






































































































































Picture to have in mind

thicken it uptoa
tubularmood boundary of this looks like

Seifertsurfare kindoflike two
of s stained
insideeachother

andionnectednyan
annulusattheboundary

which hasgenusages then

Lemma Es is connected and H es a 7129

proof write 53 Es Uavs VCs Mayer Vietoris sequence

i
k fl x

connected

Es is connected Holes 71

Lemma Ek es n where it a i x where it is St caves are the inclusions

proof

q
Est I Es t

I Ek In where icx.tl i cut
i s xe i is s is inclusion






































































































































claim Ek Est where it till i m caves are the inclusions

pf Idea is that Es Enclaves But Fs Es Es Let's look at what these look like

to sit at s t s

Ek Es Es

so I think the idea is you can stitchup Es to make Ek

d I 1 y y si
identify st ands

s

Es

now we would equivalently40

y sIt t t t t
T T T T T T

Ek

and squash the tubular neighbourhood of s onto s i e Est Ek where our new
relation is iii t innit where i vis sixcoin s is theinclusion

thisis in fait homeomorphi to Eli way is that I needtoask Harley whathe wrote
imagineits






































































































































26102

suppose K s s is a seifert surface and Es 53Ives aes Stu as e i bus
And denote it s s

schematic picture
S _St idea Es lives inside 53

i
Then EKI Est where i a i ca schematically

Es

f
d

LD D

ÉIfÉÉftp.qq
arguments

O lives inside

4h49
outside

tubular nhood
of
0

but 0 isexaltly11






































































































































Consider 4 Es xk where item n icoat nti This space looks like

Esto esa

boundary is really just s x IR Then 71 acts freely on Yby K Xin x nth Taking the quotient

a Es item i x Ek

so projection p Y Y71 Ek is a covering map with Deck group7L Since H eat is 71 there is only
one such covering map with Deckgroup x the infinite cyclic cover Thatis Y Ev

Lemma As a module over R RCH Ek Hetty Hily coker ti it where
the maps it are the maps induced by it it Ha six R H Est R

t it S St and
proof cut it upinto twobits Going touse MV Ste 210151 21Es

Esto esa

Let E Ene it aint O E ne n a.tn Have projection map It Es xx Y

Let A it EsXE and B it Esx01 Then AUB Y and ANB I 5 71

Mayer Vietoris int iBt
H Csxx H A toH B H Y

pen exthat I H s OR
H A to H B I H Es OR

Sx c And which is reallyjust the union of s and all the other copies of s induced bythe action of abeck
abeck ti Hence we have by Kinneth I maybe that 4 15 71 H Is R

to seethe second one thinkabout the following diagram

totitles t Es E Es

Esto esa
Hist Hist this taxis

I guess maybe from this then we can alsoreallyjust see that 4 5 71 a axis R I think probably
Kuinneth isneeded to make sense of this though since actually its a tensor over Kett not just 7L maybe






































































































































Then MV becomes
ti it s H Es QR

si ftp itaoeesioR
scar R t t R aar notice esandsionnected HoistHosts n

Thefact that he wrote int ibn iskind of stupid but makes sense whenyou see that 115 71 Hits OR
and that 4 1Alot B H Estar Theideaisthat we canthinkabout howthey include

int int is then ti it

This map R R is injective andso H y Ho s ar mustbe thezero map so this says that
Hily coker ti it 1

Recall cokernel of f A B B Imf Now the mu sequenie becomes

H SlOR I Hilts or I Hill o a ti it

First iso says that Hit'll s OR
herp

O
Imlay coker al

Theorem Seifert if k is a knot then deg ont e 291kt where degonce is the difference
between the lowest and highest powers of t

proof if s is a seifert surface for k then H Ek coker ti it

Coker ta Atl

7119 zag

Themaps i and it
haveno t in them

where At H six H Es are ages xages matrices with entries in K

Denote B ta At Then B is a zgxzg matrix whose entries are linear polynomials in t
Hence okCt deters is a poly of degree e 2g

We have o it s R Hiles OR Hit'll o is a presentation for Hill as an R
module R 725HitEKD 71 th And so Distt e B a det B

share so nocols to delete

The degree of once E 291s This is true foranys so degonce e 2g k

pseiferts alg alwaygivesyouminimal oneactually
Remark 291k degonce if k is alternating or if K has cto crossings

But not always true e.g knots onthe gates of Cms have Alexander polynomial once I 0cal
but g ki 2 and g ka 3






































































































































Fibred knots

suppose Ek fibres over s with connected fibre F

lemma F is a Seifert surface for K

proof Ek F x coil 2 where 4cal o ait and 4 F F via the monodromy

By hypothesis Fxcoin is connected Fix no EF and choose a path 8 from 9601,0 to cxo.tl

Ixion

no

then to give a in E

G Fand co 7 1 F generates HalEk 2Ek
In F is a seifert surface

Corollary glia gif

proof Distt det Ux Il where ex HII HII is an iso since y is a diffeo so
degldet Yt till has degree 2gF think about matrix so 2g t e 291k but F is
a Seifert surface so actually agee 291k

Corollary if K is fibred then once is monic highest power of t has coefficient 1
This is iff if k is alternating or K has 110 crossings I

alwaystimefor a charatteristic
polynomial like detflex tt






































































































































3 Knots and 3 4 manifolds

3 I Handlebodies

Definition an n dimensional k handle is xpili
Dk xEos is the core
o x D is the cocore

Sk x 03 is calledthe attaching sphere
o x s k

is called the belt sphere

And 2Hnk Ex usinxsn.in 2bnk2tnkUsrtxsnk

l2BtI
Pictures for n 3

K o

n
k 3I

core

p

is a smooth n manifold with boundary

handle

Iml attaining region

M

lemma LaHnko D x o is a strong deformation retract of Hnk

picture t

a

lemma implies
MUjlg.gggg.e

is a strongdeformation retract of MUjHnk they're homotopy equivalent space






































































































































comparing cell complexes and handlebodies

cell complexes Handlebodies

f s x
f XUfD add a K cel

j oatink am

Mlj MUjHnk MUjlsrixsos.DK

to f sk x fo f
x fo axial

lemma jo ji daHnk am with jor ji then
Mcjo diffeo Mlj

pf Isotopy ambientisotopy so I 9 mom a diffeo with eojo ji
Then define I Mcjo Mlj ne mis een

yeHnk y
clearlycontinuousand
actually a diffeo

Definition an n manifold Mis a handlebody rel M CM where M l

is a closed m dimensional submanifold with boundary if thereis a sequence

Xis a finite n dim cell complex rel
x ex if there are subsets

x ic xo ex c xn X
such that Mic Mic J where J WaaHnk 4 am attach ne khandles atone

Xk Xie F where Micmean the spare with an ski handles attached

Fi if s X Byinduction easy tosee that Mk I Xk where Xk is a cell complex et
rel M i with k handles a k cells

I e Xe U I D

iii i

Definition If N N are n.lintahn'ifolds without boundary a cobordism
M N N is a smooth n manifold M with a diffeomorphism

g am nun

e9 C N N

Theorem Morse smale

If M N n is a cobordism then M is a handlebody rel
ulN Nx co e N boundary so normal bundle trivial Moreover

all handles are attached on Nx e boundary

N

nxco.es

proved using Morse theory choose a Morse function f m coil
with fin o flat I Then

index K
criticalpoint

C k handle






































































































































Chain Complex for cells vs Handles

cellular chain complex

If Xis a cell complex rel X i then H X X i H X X i where Circe X X l is generated by
e's etna the kcells of X rel x p Then

de Enite's
I attachingmapofe's

Where his s are found by s l fi xx s ti i x a f's 1
Feelsofx

Then hit degfit resultingmap s se L
t

cell complex of a Handlebody

suppose M is a handlebody rel M Then M X a cell complex rel M i so

H M M il H X M i IHie XM i

Question whatis Cxce x M l

pHt think
Cece x M l has generators hi hn corresponding to the k handles of M rel m But the boundary maps

Let A attaching sphere of Hn's i e A s x505 can Hn of course Akihime's

j
t.ci ill i

Rem A Bj c amice Mic space with an Cenl handlesattached

so Aik Ist I

Bjk i s n n
c 2M 12M is an in n manifold

p transverse intersection dimea knB o

By dimension reasons K l tin k n t they generically intersect in points and havea welldefined intersect

Lemma dhik I hithjk where his A's BY intersection number in 2mni

sketchof proof nosigns A is the image ofthe attaching map fi s 42mn
The picture thatwe getis leg for n 3 1 21

A

Heyy p

is the attaching spheres the a handle a i
Ai s and embeds into 2mi m is the unionof theoriginal

spare with an o and I handles our space m in thepicture
is a o handle the central built with two 1 handles Hi

and Hi z Their cores are given in blue and theirbelt
spheres in red






































































































































Allofthis stuff deformation retracts onto the figure8 collapsing o handle to point and I handle to their sores

X larawnita bitchubbybutreally a din

Really the idea is to followthe exactsameprocess as for the cellular case sowe're interested inthe degree of
the attaching map of Ai at thisstage Howdowe iompute this well you lookat a genericpoint p E vs and

count of pointsin the preimageof p underthe attachingmap fi Ie n ptsin f p Bina
routeofHi

Have a map
get am Ma Xk i Iyaz

it
so n deg fit f

Isi

Hence hit fi's p if f is transverse atp

Picture

Hjk 1

T sk l

Dk1

Andso fit p fi it pl it p cocore at p o

at p o AkinBy

fit is transverse Aik intersectsBY transversally






































































































































Cobordisms

M N in means a diffeo g am Nun where it means reversed orientation on N Then
ant N u N so M N N orientation reversal

If Mo n n and m n n't then I have Miomo n n where M o mo Moon M

Then Momo

Exercise MaoMi o Mo Malm omo

surgery

Definition suppose N is an init manifold and j satin G N Let Ne Nxt jx 1 Nxt Up Hn

n

n

nisi

intervaimnsmismt.li

Hence Neil is a cobordism from N to N where N wi int im 0 2BHn
icsrtx.ieay

we say n is the result of surgery on n along j The cobordism ne is called the trace of the surgery

d

j f
Idea thinker up N Eg and to outsideadd a 3 dim a handle Then outside boundaryis Egil and insideboundary
is still Eg so we Eg Eat






































































































































21 add a 1 handle N EVE

ME
Again using the imageof thickening upthe space N Inside boundary is still EWE but outside boundary

is now E Z so we get a cobordism NC 202 E E

31 add a 2 handle N Eg

on
outerboundary staysthesame Inner boundary looks like i.e Egi
Get cobordism NC Eg Eg

same shpiel Ne E E EWE
iii iii

ish
k I

Hnk okxphk it onK x pk Hotn K and anHnk 2 Hn and 2 tink an tin

so

j 2BHnk N

jJatinn
n

lemma n e diff n'Cj n't n N and we n n so NCj n n

Picture

fythiden
boundary abit

im sing

Nxt






































































































































need to fixdiff
7 Nxt UjHnk Un N'xI the orientations Ireallythis is kindofjusthandlecancellationI think best
diff

n y of HntnKUj N'XI

É Nxt UnN'Cj

Let's draw a picture so we can solidify what surgery really is Attaching region s xD and
belt region is D x shk l i e theseare satin and satin respectively so the cobordism

has boundary components N and N where N is the resultof doing surgery on N we cutout
the in n dimensional manifold satin I s xD taking the closure andthen gluing
back the int dim manifold okx sh k l

okay sothe ideais as follows we have our lobordism we N N

A
Bottom purple boundary is n and top greenboundaryis n Now actually in blue we have the
linage off the boundary 213th now we think of Hn I Hank so that 2 tin can be
thought of as theattaining region tor Hn Now we think aboutwhatankisurgerydoes
we fist thicken up N

N'XI

an
Then we attach in the tin t handle and the resulting manifoldis

a
we see there's a boundary components The green which is ouroriginalNi and the purple whichis

anally N Let's make this more formal by looking at what surgery does to the boundary

cut out SafHn k I s xD K i.e the blue part which leaves these gaping
wounds and wegive bank 2 Han ki which looks like Dn k x s k whichis the
yellow parts The result

A






































































































































Corollary suppose m N n is a handlebody so Mi MerloMcr 1 o oma is a composition of traces

of surgeries with k handles tint tin n r fink
Then M N N is a handlebody with n k handles tint dual to Hn

Theorem if M n n is a handlebody of dimension n then

HalM N H M N and H MN Hn k MN

This is known as Poincaré Lefschetz duality

Proof will dowith 742 coeffs but works with a coeffs if M is orientable

consider H M N 712 2 H
e M N 7121 where

Cie M N Kz ht hi generated by k handiest and dhi Fhigh where

nij A BY intersection number in 2Mic i

On theotherhand considering thedual handle decomposition M N N we see that

H M N ka I Hie M N ka

where Cn M N is generated by ht ntn with dht Ini hit where

hi At BY
t

e

But Alan Bl Hii and Blank A anti So ni hi i.e
Cice m N ka is dual to Cfe m N ikat hence isomorphic to Cite M Nike

is dual to cuff Monika
Remark We have proved weak Poincare duality

Hal M N H M N with a coeffs or with K coeffs if Mis orientable

Strong Poincaré duality for a field Tt

u H m N Tt x Hn M N I HnlM Nun F

I Hh M 2m F m IF

Is a nonsingular pairing for any field it if M is orientable






































































































































3 2 The Seifert Matrix

Recall if M n n is a orientable ndim cobordism then PD iso exists mapping

PD Helm N I H M N

usefulspecial case M 0 am so any manifoldis a cobordism from the empty in 1 manifold to itsboundary

DD Helm am I Hn m

DD Helm I Hn Miami

suppose kiss is a knot and 5453 is a seifert surface of k Then Distt det at ta where At are
matrices representing the maps it a s Hiles 7129s

lemma I H Es I H s

Proof H Es I H Es 2Es H S3 u s H OCS I H s
as b is at

a is DD
b is excision remove interior ofvis

going H s vis H s lentvest usilentloss H2 Es20151

c follows from Les of s3 vest since H s3 H s o

Its looks like
ply I Hiya I H x A I H X H'la

For 53visit H S3 H oast H2 S3 vis H2s3

29 Tyexaitness
so 17153visit I 7129

d s vis homotopyequivalent tubular mood is trivial remember orientable t rank 1 line bundle

Consider a H es H s as in the lemma

d 8 o PD where PD H Es H Es des and s docob i.e S H s I HalesJes
is the composition tix

y us 42153vest H Esses

Every group is free over 7L so S is dual to 2 Hales2Es H s given by the composition

He Es2Es Hatsvest HCues y His
excision boundaryinces

asurface representing a homology class

If 2453 22 Cs then 212,22 22 EHits by chasing throughmaps






































































































































Lemma 2 If seeHiles and yeHits are represented by embedded circles canalways arrange this for classes
in H1 then Cassel y eke y in S3

proof Coca y Cs opp a y poon 2 y
dualmapfromabove

choose E 453 with 22 y Then
boundaryofsurface

252.223 122 y so

DDex 2,22
n E intersection pairing dual to up pairingeras

eking from first example sheet
since 22 4

via Poincare duality
Bases let Sai neg a basis of loops for Hits Then a v29 the dual basis of tics
defined by x u Sj Then y yay y a ai is a basis of Hiles

Lemma 3 If te Hiles then t eklz.mil yi

proof alt E H'Csl so alt 2 alt ni ni
be ni ni si

d Hale wigs

d s fromnow we decompose wet basis

E ekta ni u by lemma z

a Elk z xilai

Zeki z ai a xi

Elkie ni yi

let At Cai be the matrix of the map it H s Hiles wrt the bases is snag
and y gags

so it nj I aijtyi s y form basis for Htest sowe ransurely write whatever aigetmappedto as
a linear combination ofthe yi's

Corollary ai I lk i nj ni

proof follows by putting 2 it ai in lemma 3 and equating coefficients


































































































Corollary ai ajit i e A At

proof ai lk i xj nil and aijt.lk it xj ni

schematic picture of vis Sx e i is

sxe i.is

sxsosi

E a
The link c x Uni cues as is isotopic to the link n vithil

it ni
sxe i.is

sxsos

just by shifting everything up so ai list c xj ni ext etcai nj ajit

Definition A At is the Seifert matrix of k determined by s and say snag Then

acct det At ta det A tat

Examples How to compute Seifert matrix

key example is the k twisted band k 2 s annulus

a redlarva

Then H s a u s x sos

y
orientedparallel toeachother

Then lls u a K where k list2,5 22s WID

proof n s xD and 2 s 221s are two sectionsof Vssix unitsphere bundle That is
S s CV where s is thetotal space of a section of the normal bundle

keything to think about here isthat vent a sxD a solid tons we can think about a 1st and
21st as sections of scull which are closed simple curves that lie on the boundary sixs
Hence our surface lies in the tubular neighbourhood vill as the total spate of a section
ofthe normal bundle



it n are homotopic to 2 s and 221st respectively so

lklit.cat at lk 2 s nl
lkl 2 s 221st K

Example K tue trefoil

v u

choose basis for H s Now S punctured tous t lepts and Hilt'Ispts I at so weneed to find two
basis loops Most obvious choice

n n

really a and iz intersect at midpoint ofmiddleband

u u

wit mi nos the Seifert matrix is

Hence lk other ni I see since u nil c s in purple below is exactly a twisted band with1 1

two positive crossings I e vexics is atwisted band

n n

Here's what I think is goingon we look at the lkl t hit mi byioniidering itlocally dont have to worry
about whole surface just a sufficiently large hood now we rantake it tobe the purpleregion whichis
actually a twisted annulus K l

n n

se

Andso the idea is you can homotope n onto oneofthe boundary components lift up n toget ithit and
then this guy is nomotopi in s3 to the other boundary iomponent so lklithil.si els 2 s 2 1st 11 1

in this instanie



Similarly list ideal na n To compute list it ai na Now n andKz intersect in one point When

you push me off in onedirection its going to wind up linking once and in the other direction
it will not link at all

Remember ai ajit sowecan findthe offdiagonal entriesng thinking about pushing say an off Sinboth
directions and then seeing the resulting curves linking numberswith uz

feck def A ta det o t Y det It tt
I ta t t
t t ti ok t

symmetry write t q so def A q A r
Interment

det 9 A gay

let Jalal dettg A ga det q A ga detf ga t g A ont g

so Ji a D C g l so ok t can be normalized and so is symmetric under t t

Normalized Alexander polynomial a te t

I s an oriented link and sass a seifert surface forL with an an Hits Then this data

n

d

determines a seifert matrix a

Last lecture

Dk al Okla

Jil q 8 q symmetry

so symmetry determines 819 upto a sign

eg Orcus t r E ttl Itcz q n t ga i g2



Take the following Seifert surface

f
iEE

f

is

F
picture

einning a

linking the crossings toe crossings

greenanan iiii
argue shedar

equiv C

Examples

we Trefoil
seifert matrix

819 det

a.tl mil



s surface for unknot

mn
has seifert matrix A

o
UU

looks like n n

u

All the entries of A are the same as the previous example except the 2,2entry If we consider the purple
neighbourhood of the second loop it's a band with two twists which is justthe same as a band with

zero twists and here theloopis trivial So it has self linking number 0

Check Icq 1

Proposition ECM 81 9 91 C Conway skein relation

D D Do

proof Apply Seifert's algorithm toget Seifert surfaces St So for D Do Now St are obtained byadding
a 1 handle with a twist to so

s I x If Hils Cni ak

H Se ni ak n

St I t
claim ek at at ek n in th

so pf If Vsyx is a k twisted band then
i e stat is a band with kt twists Twist

we have Seifertmatrices
Picture

a t.it



Then 8D a det qA qA T

B

det q Ao qAo Z
w q 1 q kt k

Expand det along bottom row all terms are the same except the last one

det B det B I 191 q det a Ao qAo

8 M 81 q q Δ

corollary Ik I 8k u 1 exercise on example sheet

8k is fully determined by Δklt i e it does not depend on the choice of Seifertsurface s or

the basis x

Examples

1 8 CP CP a a 81001

so I 00 0

2 I 8 q q 1 8

I a 9

QQ.ca an CEO

I I q a
1 q I g2



331 Framings and surgery

suppose N 2mn j s xD s n is an embedding Then we have a cobordism ne n N obtained

antin
by surgery on N using j

Recall that jo ij nejo if nej observe that if jo i ji then Jotskixsos it sicexso by
restricting the isotopy

The converse is false
Eg n 2 K l so N É

straight band twistedband

Jo soxso Jilsoxsos but Nejo we D so jo x j

Definition suppose C s o n is an embedding A framing of Cis a trivialization of Unic I e

E id diii iii

If j Sk x D N is an embedding then j determines a framing f of clit Itskixsos

identifies an with tangent spare at o ofDh

j is an embedding dj is injective dj oi is a bundle isomorphism

Tubular neighbourhood Theorem if jot ccj and fjo fi then jo ji

Idea we know theres a standard Cup toisotopy identification of the abstract normal bundle of s with a tubular
neighbourhood of c itsimage in N The framing describes how we identify s xian with Unc abstract
Restricting to the disk bundle tells us how to identify capto isotopy Dlsxiank s xD with DCunic which
Then in thestandard way gets identified Cup toisotopy w a tubular mood of C in N If to fi skxon k blunt
then they give isotopic embeddings jo j s xp k D Unc

Definition Framings fo f of c sk G N are homotopic if there's a family of bundle maps
F s x an x I Uni such that ft Flsaixiontext is a framing t t

Model case N S x IR k c s as n un x o

Then theres a bijection continuous maps A S GinKIRI a framings of c
Smoot

A s fa ski xian s xian k

fa xiu is one Aca v



A framing of C s A n is an identification i.e a bundle isomorphism of the trivial bundle
of C really am al with the normal bundleof c inn

s xian I exirn I unic

I id I

In our model case unit I s x'rn in the natural way and a bundleiso is a linear iso on the
fibres so really f is just a map s x an s xian cu ul to n Antu where a is a
continuous map A S Gin in IR

Reversing this argument allows us to define a framing fa using A

Recall C sk conn a framing of C is a trivialization f s xIrn Unie Framings fo f are
homotopic fo f if they are connected by a smooth family of framings ft te coil

Definition free framings of c In mod homotopy

fr c 0 I Unie is trivial
which is exactly a framing

Model case co s a s xan

lemma there's a bijection

smooth maps A s Gincarl a

A t s fa ix v is x Abdul

a man y
proof easy to checkthatfa is a framing conversely given a framing f flaxene is a linear mapgiven

similarly have bijections

homotopies between

Ao A ski gunclip
h s homotopies of framing

s l GlnKIIR C Fr o

homotopyclassesofmaps
sk i Giner
11
Tic CainKIIR
11 sinceGlnie IR deformation retractsonto on k
Itis i ochk



Bijections smooth maps A s Glnkart framings of co s as xiank

homotopiesofmaps A S acnelite homotopies offramings i

quotienting by xx we obtain a bijection

s GinKarl Fr t framing up to homotopy offramingp
homotopy classesof smooth
maps a S GinK IR

But by dfn Cs yal n n IR Tic GlnKCR IT i OlnKl
Since Ginalert def retraits onto ochK

Define Embo Sk xD K No no s x ank

H
embedding s xD c no itskixsos co where r is isotopies preserving x

what the map does on the core

canimagine this in n 3 k i to
Lemma there's a well defined surjective map bethe setof embeddings of

the solid tonesin sixir that
Fr Co Embols xD Nol preserve the core ofthe tons

given by Elf flskixpnkcskixpn.ie remember f S x IR Vno's

FlsaixonK Devnote as No
standardt

if je But if ft fat isproof Tocheck of is well defined must show that if fo fi then
a homotopy jacal x Attalus is an isotopy since At s a Gln i IR i.e st injective map foreach t

Tosee that OI is surjective je Embo s xD Nol get f
By uniqueness partof tubular nhood them Cf i f

as before

Cor If C s o n has trivial normal bundle then
1 there's a bijection free e it itochKl not a grouphomo but a bijection of sets
2 there's a surjective map Free Embo s xD K N

proof choose a tubular neighbourhood vcc Then intoucc is x IR and use lemma in this basic case



Summary given C s N an embedding and a homotopy classof framings Cf E Fr c we get
an embedding je f s xD G N well defined up to isotopy and hence a handle attachment

NCC Cf is well defined up to diffeomorphism

Example n z K l it Coca 1 to Oci 712

Two possible framings

jo j
s c s

j
gives attached
handles É

straight band twistedband

If im CI so is contained in one component of n then oneof theseis
orientable

and theotheris unclentable

Focus on n 4 k 2 Then we're looking at n an a 3 manifold and attaininga e handle embedding s sign

Then Iz i 014211 it 012 it soca it si 71

If K s es n with trivial normalbundle then FrCK27L

Concrete description for K s 53

FrCk c nonvanishing sections s k silk homotopy f i s fee
is st c I s

c a caulk with a i k in Vik
homotopy

project out section to get x on boundary

c s
exercise es

caulk with a me
tcomes from fast a ik invital

Idea if you have a framing of k s s thenthisis the sameas a trivialization of the normabundleof

kin s silk Now vs ik is a rant s i a vent bundle and so a trivializationof us ik is equivalent

to a collectionof a fitting it ineyform a basis for Ussr atevery ptk But I mean we can
describea basis of sections by choosing ones andthen taking its orthogonal complement at everypoint
to define another st which is smooth b a s is smoothandalso forms abasis alongwith s for
Volk p at every pointby constuition FrCk is the spare of framings up to homotopy of
framings and so there'sa byention Erik x nowhere vanishing sections up to homotopy



Seifert longitude e gives a preferred ee Hilauckll with l m t

Snark sa thebasis elements e andm andso sayseifert surface a alt nm
Then a m i

n

I e a an et nm for hell since a a e t nm using e m abasis alt nm mil
act ncoand a m i a t
a 1

Hence we have a bijection free s s an ethm

pf lk an k Can s C e nm s e es them est other n

Example K u

are a i.e Can u 712 2n
theirunion

Here its very clear what the seifert longitude is But for some example itsnot

e9
negative trefoil

blue doesnt lie in S so not do e

blue curve I do it's aek bluecurve black cane
a 3

X y

Definition a framed link i c s is an unoriented link L together with an integer ai attached to
each component Li of L

di determines a framing an et aim on Li where e as s a seifert surface for Li

ignoring other components of Lt

Definition If i is a framed link let will be the 4 manifold obtained byattaching 2 handles along
the Li's with framing Aai

schematically I dimension down

and s 2W i is the

ma
Jmanifold obtained by framed



First part of lecture if i and i are isotopic framed links then Wii wit

Moral Lots of links hence lotsof 3and y manifolds

observe WII is the result of attaching n z handles to B c ohandle

Wii X cell with I o cell and lil z cells

n nine

homotopy

so type

d

of W only sees optsof L

To see homotopy X It s X is homotopy equivalent to a o cell and n a cells whichare each
D attained bytheir boundaries to the o cell which is D4 collapsing down D4 toa pointgives the

wedgeof n D withtheir boundaries collectively collapsed to apoint wedgeof n n spheres

Consider a framed linn i inside of 53 with components in in and framings da lit ai mi Form

Wii B4 U It HCil Hi HE

and Ali is attached along Li with framing a ai Then 2 Wii S's ELVy12B lil where
2BHeil s xD 6 3 Heil as auchi cafe yes x303 nai E H archil

Remember the link L lives in 53 so 2 weill is everything in s outside of a small nhoodof L where
we attain the a handles I i.e Er plus the added boundary 2BHci of the added 2 handles

Let's think about the picture

surfare with Sei Li E.g E is a seifert

E iii iii iLet i EiUc D x505 C B4Una C Heil c wed

Then Ei is a closed oriented surfaceinside of will
É red pink É bluetlightblue
I e É Ei Uc D and orientation inheritedfrom E
defines a class É EHel will

Recall Wii deformation retracts to Y s so Ha wii K



Lemma 1 E In is a basis for He will
To choose orientation on Ei choose

Pf The deformation retraction orientationon Li'sand thenrequire
29 Li as oriented surface

P Wii s

acts on Wii by squashing the o cell BYdown to a point and then deformation retracting the 2 handles

onto their cores So pacts on by

É Ʃ I s S

where fiis intensionof the ith s intothewedge the map Hz it He Ei Ei is anisomorphism so

P E f 59 which generate Haly s so they form abasis

Lemma 1 E eklli.li i j
gives us matrix ofintersectionform

i i j

proof Hci nHCI 0 it so É is only dependent on intersection in o sell ie
É É Ei E ek Li lj from example sheet1 VERY IMPORTANT QUESTION TOUNDERSTAND

what happens when i j Then consider E D 9ps PED 1905 where E CB is also a

compart oriented surface inB4with 22 ai

Picture of this a isgreen curve

i.EED
Now can easily check P i fix s so actually i i so Ei
is the same as Ei Now Ei and i dont intersect inside of the handle so

É Ei Ʃ lk Li ax αi

Definition let I be an oriented framed link in 53 Then B bij where bi lkyili.li i j
is called the linking matrix of C i j

It's the symmetric matrix which gives the intersection form on WCC wrt thebasis Ei

Example

1 unknot with framing n
n Then B n



14 then B It d
adon'tforget about orientation

of link

3 5131 A A
Then B

u

Proposition Hi Sis cokerB so ordH detcb

proof let w Wei and consider LES of the pair w awl

21W law if

so see that Hilow coker ft coker p by P.Diso
Let E in be the basis of H'Cw 2 7th by Uct Hrw Hom Helwl7L Home7th 2 I 7in
dual to CE En i e E É Si

If β Ʃ Epi Ei then pi PILE Ei

P.Dof É É versionwboundary

É Ei by dualityof up and intersection
pairing

bij

So βis given by B wit Ei and Ei so cokers cokerB

Example say K with framing n Then B n so H skin 71 n cokernelof map n

if nto H skin in
me

thatskin H skin 0 by P.D and act

H skin't Kin then
H skins Hom H skin 7L

Hom 7 n 71 0

if n o then H skid
7h 0,11213

otherwise
same idea

Rem Hxsign does not depend on choice of k



If n o consider it stool Hits'reo I 71 Let p Sta ski be the covering map corresponding

to Kerl 1 HasGDeck o Kerl I Hilse K so Hf53,0 is a module over Teaneck KEE

Proposition H Sti H Er as modules over R aEtty

proof let Yu ski Then Ya Ekbit
Egg

so Yi EIUfjSixt where I is somecoveringspaceofx

h

my p g
generatedby a handle 2cell
plus Helen os

intestine
HgenHentH HoSEK
712 i in Ye

By exactness Im 2 kerfink tint and in particular since 2 isintestine Hillel X I nonzero element
of Hilaek that gets sent to o via inttint now H12711 a H sixs generated by a meridianand

a longitude longitude contractible in Ek and the meridian certainlynot so weaituallyhave that theonly
element in Hilden thatgets mapped to o under in t thlek is a multiple of the longitude Andif
we think about what sxD is i.e 2344 then l lives inside is xD and m is six is say
so under it e

e o 0

m
tryandvisualise this a bit better

If we look at a map 4 ate hey m a 1

This implies a Je s xir s l
É is the infinite cyclin coverofEk
STD is the infinite cycliccoverof s xp STD IRXD

MV for 12 is

H sixir E Hi ET Hilir D2 H Tu É
ce

e sfboundsin

so I o H et I H YT

Corollary if Dect Dk t then Sk I Said even though H su I H Sato

our work shows us that Hisskid Hi Suso for any knot k Butwhen we astend to ionsider
the infinite cyclin coverof said we getmoreinformation Actually that exact information is that
HC si H Enl we defined Oklt exactly as e Hickel where we consider somepresentation

of H ETI The normalized version arises by setting t 92 Jalal Okla soit ok Itt Deihl
then certainly H É I H Eci Contrapositivel so H 1st H stint so sic I said



3 5 Applications and Examples

Dehn Twists

let A s x c l il be the annulus with productorientation

i i

with blackboard orientation
n of interval

for

consider a diffeomorphism E A F A tie t e t't t t so when t ti t an idea but for an
inner curve say

o
so t is themodel Denn twist Now if E is any

siltiadce and a S es E has trivial normalbundle
then choose an orientation preserving 4 vial I A and define in E E by

Talia I
4 t 94 it even a neighbourhood of a loons like awith

n it is ducal specified orientation we canthenfocusin
onthis nhood do the denntwist
andthen plug that backintotheThen ta is the Dehntwistalong

thisis continuous
surfare Because I identityon theboundary

Exercise Ta acts on H e by tax x X a X a

wont prove but visual
y

n

adds a copyofa
to blue curve

Fact isotopy class of Ta does not depend on choice of 4 veal or even isotopies of a or even the orientation
of a see lastfact fromean tax n X t a x a so I at X t l at Xc al X t cDc1 a x x tax x

But not rigorous at all

But it does depend on the orientationof E I think aboutorientationofUca inherited fromC E andthenwe ask
for orientation preserving differ 4



knots on surfaces

Assume E an orientable surface a s e e an embedded loop and let M E x c 1,1 Let K ax303
be a knot inside of M veal za in E so Vik A x c i is in M

I q z Xs

A framing of K is determinedby a nonvanishing sectionof Unix The surface e gives apreferredsection corresponding
to Enauck

I o
e z xs framing curve is theredpointX s

an me m n gym yn yn my

bounds a disk in Unia

Together m and l form a basis for Hilaumia

All other framings are of the form an et nm

We want to study Mk surgery on k with framing a exm

Lemma suppose 4 2 s xD 2 s xD Then 4 extend to I s xD I s xD if and only if
4 91 2023 I I X2D'S

proof If 4 extends then cop Ooh where 1 sis xp s xD isthe intrusion so 1 11 204 0

therefore we must have
y Kerry e Kerli Yt C ix ab I Ci x2D

ByAfn of a homomorphism 0 101 0 now cop dot so 1061 here I of oil kern I101 0
Lot here l o a ether little kerial Then notice that Coxon generates Kerlin

which are the homology classes that vanish under it Hloss'xDy H sixs HitsxD
and obviously map a 31 bit o Ker it b

other direction Example sheet 2 exercise 2

Lemma let E A so M Axt and k sixso's xsos Then there is a diffeomorphism

Q Mic M

s msum that mail where am m i intrusion and

in the Denntwist with A Ax canI
am

I think what this is saying is that



Picture

M

q
n

on green part cot identity and on yellow part not is the Dehntwist

xs

appornood

Proof Ek 72 1 so Mi EkUT re is stxDT I s xD M
drilloutnhoodofk andwhats left looks like a thickenedup tons

iii iiiiii
Itm m

since wetookMia
so this follows from reletm e m t ele em

corollary M E x c 1,13 K xx o Then 7 I Mk IM such that

I a

M

É
Man M

I note

where It E E x tis cm are the inclusions

The point is when youdo surgery along a with framing i yougetbackthe same thickened surface on the bottom

it acts like theidentity nothings changed but on the top it acts like a Dehntwist

proof choose a tubularmood of k urk as in the lemma Then Define

in Emil if he vik the reasonway thisworks that theDenntwist
is it nd vik is the identity on the boundaryof a tubular

moodof k in E

Picture E

L
I identity on redboundary so extendsby identity torestof EXI

Sonow suppose E C Y so 4 M upExc i is upMz where say p 2M I 2 9 15

pi 2m22 Ex is
MrPicture

E

M

so take k xx o e e x c i i Then Yk MiUp Miss Up Ma M up Exc 413 Viaop Ma



More generally if ai or are all embedded loops as E then take

me
x

I Udi's earn
aswith framing1 exe i Ias

me

where all a's have framing 1

Then Mi MiUp Ex C l I Uea ozan o Ta opeM

Remark can do all theexact same above with 1 framing toget inverse Dehntwist Ta

7hm Dehn Lickorishl anyorientation preserving o E E is uptoisotopy a composition of
Dletisitiist's

Than Clickorish Wallace if Y is an orientable s manifold then Y s e for some framed link i c s

proof Y admits a handle decomposition

Y has a Heegaard splitting Y HgV6Hg where Hg is an orientable 3 dimensional handlebody

with one o handle andg a handles so ang Eg and 4 Eg Eg is a diffeomorphism

Now s3 has a Heegaard splitting of genus g

x x x so 53 HgUyoHg

write a t ai o ta tat 40 byour theorem of Linionish and wallace take i to be

Hg

ez

g
C 53

Hg

where ai has framing It according to the exponent of Tai
Thus s i Hgutatio otattooUng Hguytig Y


