KNOT THEORY

lent term

Jake  Rasmussen
jareo @ cam.ac.uk

office E 2.02

offie houn: Monday 4 =S on weekS hob with  example class



°] Founda tions
o.l  Tsotopies

Suppose £: M N is a map of smooth manifolds.

BDfn: £ is an embedding MON if  df: TM >IN

is injective

55 the Invene function Theorem it df|, is injective, *en 3 L nbhd of wx € M Such +har £lu is an embedding.
2 W 2
Romember locally  4may  DF : TM = TN (push dorward by F)  maps Fe: ani 77 G 3t 3yl . The map
dflx is then o map dflx: TxM = Te)N, which is on injective  linear wap
Empedding = immersion +hat's homeo onte il's image. we have this  lemma  fom  diff geo
lemma 5.2: IF DpF is on isomorphism, tnen 3 open neighbourhoods W of p, V of F(P) such +hat
F‘u W =N IS a diffeomorphism.
Poof: pick Charts P avour p, 1 about F(P) . Then 9:= WeFe R is a wmap  R" > R™  with
invertible  derivative a¥ €(P). By inverse Function +heorem | tuere exist  open neighbourhoods u!
of @(P), \'of WoF(p) such +ha 9 is o diffeomorpnism W' = V' Bur s sags precisely
that g is a ditfeomorphism  §: WV, where W= (W, ().
Dfn: if £ .5 : M SN are  embeddings, £o is wokpt o 5, (fe~if) i amere i a  smooh map F:MxI =N with
Flo0) = folx) , F(xD = f(x)  ond  fe(®) x F(04)  is oan embedding V't
Clearly isstopy = hemotopy. We call T an isotopy.
. . . a2 R - Co, ) F 3
Lemma: if fo Vi F via B, then fo ~8) via ¥ with  F(n,e) = folx) t € e Flwt) = £(%) with te ( >n,1)
proof:  Choose 9: 1 =T smosth with qlt) = o te Co.'y) 9(e) ! o & € (3,1
Then 4ake  F(xa) = F( +.9(0)
Comllary : ' isetopy is an equivalence  relation.
Reflexive :  Constam totopy H: £o v fs, H(ae) s Fo(x). Symmetric:  Take  H(ai-t)
Transitive:  suppose  F: Fovf and G: FivFz. Then  using 4he albove idea, et F:fe~6 be an isobopy  from
Fosit T(w,t) = £ (0 for (',1], and &t B~ S pe the isotopy from G st GGut) s £i(x) on [0,3)
L) A Yy 3) . . L 3 [} 7, .
Then F and G agree on (', *), and in parlicular DF =06 on (Y3, U3). So we can write down a
Smooth wmap H: MXI 5N :
F(ut) teCo.')
H(x,t) = tiln) te('n,s)
& (wt) te (s,
which satiskies (1) yteCo), Hel(x) 35 an embedding and  (2)  Ho(u): £o(x) and H(X) = §2(%). So H
15 an isotopy  forfz. Thus v i on equivalence celation-




Ex 1: if V() 35 a Smooth, (ompactly Supported, time dependent vector £ield on M, then Hhere's an  isotepy  (the flow
o 3 O :mxrelI oM wih Fo: idm  ana  dF = V(wat)
dar ) (x,0)

Twis is a nice result  fom symplectic  Geometny.

Ex 2: f £ R™ > R" with df‘o in)m‘we , ten 3 W nbhd of o ER™ st ‘.‘u ~; dr(-lu L oo
(dawvfy  tawgmat  tpace ik W™

proot : F(xt) = £ 8(x)  « (1-%) dflg ()

Then dFy|, = €dfls + Ci-b) dfl, = afl, ® 3 U st Fylue % gn embedding-
To get a undem U, Conwder d¥( (0,0 = dflg @ d injective . Wwe can find an € s+

F l Be(o) X [t-¢, ¢+4¢) iS an embedding  wsing  Compaciness.

m n
Thoughts:  The map dfle aas o ToR™ = Te) RT, \which we can  canonically identify win R™ and R" . That
is, we consider dfle : R™ 2 R".

So define F: R™xI - R"; (mt) m» tF@) + (1-00dflg(2). I'm o 1007 convinced why, lout letting
Fe(n):= Flue), we wave
dtele = 4 (€80 wQ-t)arl ()|,
T gdglo () ¢ (i-e)dEl (x) 7
= df

By assumptien, dfle 16 injecive, so dFele isinjeciive. By our veny  ficst cemark then, 3 nhood (L of O in R™
st Felu s an empedding. Now we  WOnF 4o Find a U 4hat is uniform Cworks)  for an ¢ . Nore +hat
d¥le) = dfle @ id (taking derivative in each Component ?) ,  which is alse ifjedive:  Se by ihe same argument,
we can find an open hhoed  U' ot (o,k) st Fly' s an embedding. By Compaciness of R™X I, we can
wiog  qame  U': Bg(®) x [t-€, ¢t€] for some €20.

So what does tws ok say? e, Flut is o smooth map R™XT[ur > R", such tha
W (Flw)e is an  embedding Y1 (( Flu)e = Faly)

(» (ﬂu‘)- : d’c‘\alv

(3) (T-lu‘)‘ = Bl

So  3hal actually F\u‘ ":\v ~ d(-‘lv

Some $hings 1'm not to Sure about here , like this derwative looks Sus.

9.2 Knots
Dfn: an oriented knot 0 R3 is an ‘isotopy ddass  of emveddings K :8' o R3.

Exomple: e wunknot s the class of WU: S‘—9|‘R3-, (% 9) — (x,y,0)

ae| ()



Exercise: if @: S'=>3' is an ocientation - preserving diffeomorphism, twen ¢ i identiry.

Hence: » ko ~; ko ids* =k = reparametdiing  wilo Changing  Isowpy  class

The general idea  comes fom +he fact that  DIFF( 3') has two connected Componenmis: ocientation - preserving and
orientation —uvusin_g- ot course, id:S'=38" 5 orientation -preserving- How do we Qormalize  this?  (onsicler +hat s!
can be thought of as "/11., and in particular Ony diffeo  :5'—> 5' can be lifted b a diffeo §:R-R
Satisfying (3) (o) € Co,)) and F(x4) = F(x)A1 . poreover, +his K6t is umque Cobviously complevely dedermined
by € on Coi)). Alto, ids' Gitds 4o id®. To thow @ ~:ids', i subfices 4o Show +hat ¥ ~i idR, ana +men

the recult will Rlew by taking e quotient.

Bui  of course, Since we ace in R->1IR, we can just 4ake +the path  isobepy: Could perhaps Say
H: Rx1 2R, (wy) e £+ P(x) 41-6)= @(x) = @(x) e [o,1)
. . vishi . (0 € DN.
This is clearly @ smookh map , and satisfies this follows because s instead of ¢(0) € (Co,N
(1) Ho(x) = idRr (0w = F(x) 2, orientation preserving 1 believe.

(3 Tor each €, We(®) is an ewbedding. In particar, i+ sakisfies
Helodz £ 9(0) +(1-x)0 € Coul)
He( 24 = E:(;(-l.vn\ 4+ (V=) (xedt) =tq(u) F-6)x 4h-k+l = Helx) &

>  Hy descends to a diffeo h*-:S'-vs‘ , hoz @ and h, *idg', So h: @~iid. D

IF Y~ 8, ¥hen for any diffeo ¥:s's>s', Yo ;¥od and Yo¥ Vi deY.
This  follows  Since the (omposition of an embedding Ond a diffeo  Jives an embedding , and hence (omposition of an

isometry and G diffeomorphism  gives an isometny. ¢

DPfn: the veverse of K s r(k) = Ker \ynere v: st 5" o (xy) V (x,-9)
Exercise: W ~; v(W).

The idea is 4o rotate *we unknot T radians about +he X - axis , as seen in the diagram
U: $'' o R,  (wy) = (wy,o)
r(w: ' R? i (uy) P (3, -y,0)

Weite down :  H:S'xT =RY;  ((xy,t) — (%, yos(ut), ysia(Mt)) . Tnen observe
(1) " s a smotth map
@) He(wy) = (%, geosto), ysiata)) = (2 y,0) = W

H(xy) = (2, yeos(a) , gsin(m) = (% -9,0) = )

(3) & any fixed t€1I
He(xy) = (%, yeos(me), ysiaC nt))

is an embedding of the cirde ' into R3

Dfn: i knots in m"\ ] i oriented knots in R"-} /~ where  we idenbfy Kk ~ r(K).



0.5 Knot diag rams

Dfn : A knot diagram is
a) a smosth map ¥:S' > R? s.t

v ¥‘(P)*o Vees' (s { IS not a enot diogmm\ no LanSMl double poinis
. iF Y(p) = Y(P'), yhen ¥(p) ond ¥(p') are Gnearly {ndependent ( transverse double points)

Ka not okay
oe-/, 4
2. 7 disiack p,a,r with  Y(P) £ X(R) = Y(r) ie. no triple points >K

b) an ordering p>p' dn each pair of deudle  points (¢e) = Y(oY)

e.9.
a represents P<Pp.
~(p)

Choosse 2:5' = R with 2UP) > 2(p")

Whenever  ~(p) = Y(p') and p Sp!.

Tren define k: 3' SR3 by k(P (¥(p) ,2(P)). Choice of 2 doest mamer, i€ 1 iS5 anetmer Cchoice then

K~k wvia Flea) = (¥ ,tx0) +O-0)10)
. kK # (k)
Example
O co @ ® M
unknok Unknot unk noy negative 2 2
e fot .

&

Theorem: Given k : s'u R3, there is an open dense  upset wcs?. Suth  that Ty ok is o knot diogram
N Vel ( p>p' if V. ) > V'k(P‘))- (do+ product)
Essentially take any knot K S'OR?. For almost QU VES®, wecan prject K down onto  the plane Orthogonal 4o N

C;

B Ves®, my: R® SR s octhegenal prjection.

via TY, and the resulting map WyoK will be a knot diagram

proot:  Denste ¥y = Myok: s’ SR e question 13 is Ty a Knot diagram Ve is a ket diagmm b
BV Y@ o ¥e  (By is immersed)

2) double poiats  are  {vansverse

3 ne wdple polats.

we need O resul do prove i dmeorem’

Suppore £:M-3N s 4 smooth  map. We foy X EM isa critical point of £if df|. is nov surjective, and ye N

%S o Critical value of £ if P"(g) contains @ critical point. Orherwise ji's a fegular value -

Sard’s +heorem @ +he set oF critical ~awes of & has measure 0 in N- So iF m i (ompact, +he set of reguar vaiues

of £ s open and dense in N:



Consider  €: $'xs' = 5% 5 (pa) ™ Pk k(M) fur pia where p: RP\TES 25T 5w = iy

(p:?) = p( K'Cp))

We'll 5ay some Pre.liminnrg sShubf ond +hen invoxe Sacd's +heorem 4o say Ahat  this holds.

Fr  condition 1, remark twat Y\ (p) #o <> W, (6'@) 4o (Taking derivaive  Commules with pwijection, draw exawples)
£ (kP =0, +hen +his = K(PY= AV £ Sime A€ R\§.°}) > P(Kl(ﬂ) =tv. so W(KUP)) %0 is cquivalen
o p(K'P) # tv.

Se +he condition ¥'(P)¥o VP is equivalent 4+ P(PP) * 1V (can wiite as  €(A) ¥1V, \yhere 4 denores +me diagonal)

For  Condition 2, vemork twat p,q) is a double point of ¥y (ie. ¥v(P): Yela))
= w, (k(p)-my(k(a)) =0
< Ty (K -*@)) =0

= k() - K(B) = AV for some NE R\%0S (7\*0 sisce Kk an  embedding: k(p) = KQ)® P’%)
(] e( k(P -K(‘H) = 1y
e ‘P(Pl q) = tv

TF (p.g) is in fat a double point of Ty,

chain  ru\e:
8y Cchain rule: (d‘(’\(p,ﬂ : (d(p(k(ﬂ—\&(s\ﬂ\(,,u do (£e3) = dgy §o dx(9)

= AP kegy (d (kD "“"“(p.u\

= (dp) ay (e - x'9) dy)

se et (8€)(p,q) (otyp) = (4D av (=R - PrU2)) o any tangemt veaor (@) at (pia).

/

tangent space
\ =

N

1
We can calculate +hat dpav(wh ‘;“v(W)

*x

So P.' m‘\1.$ - 7 AT - Nows dPN( 1S then a map Tov (Rs\s\"%\ - T\‘ S"

identity with R>\%e3
Av0- . i 2 2, 2 ,)
wlg say ° The map 9dfav acks explititly eq the standard  tangent  vectors % Fa

By

3. 2. ,) 2
dP"V (3:‘) = g—(au‘r )av 35" f(“) wamnk more  hewmrisrics.

2. 3) 2
J.z(ai'r av 33'\ v

4

. . . 3 3 . . z . .
which under +he identification of T R ¥ R® and considering S O R), This is the same a3
] .
;va( e-\- 1 think ihe best way +o see  Hhis s 4o do e computarion zxv\mu-, v covrdinates o S€e

\
where  twe A term  comes  from.  RBut ir s clear 4nat  Mae  above projects w onto  wne tangent  space

of St at y ?

which e identify  with the  pane ordhogondl Yo N



Since

dpav (W) = FTlW) | (a@),e) (ap) = (4Dau( ak'(p) - p K'Ca))
Pl k') - pK'a))
AN ER IO

ot

Mence (A 0y s sujecive ibt X '(p) and Y'(3) are \inearly independent.

With

(d‘ﬂ(?,q,\ (o)) Con be +hougnt of a3 @ map R? SRS (idenfifying kangenk 5paced) , and +e Gbove ey
thar  ackually @ is O Viear map. By dimension feasons then, iz map is  surjective W ib's injective.

dim (R?Y) = dim ( Im (L)) + dim(Ker (0)

4+ . n A
domain mz = [

But of course, (d‘?\(p,q,\ 1S injedive & (d"?)(PAJ ("‘IP)=° &> @,p) =0.
B & 3YY,(p) - LPRY(g) =0

1 v
Bur the satement " L,‘o( ‘("(f)- EFYU'(%) =0 & (v,p) =0 says exacly Yhot ¥'(P) and ¥.(q) ore

lintarly  independent  ( geWing rid of Y2 coefficient).

all  +his established, we con invoke  Sard's iweorem

Saard 's  +heorem  Says 4hat  there is an open, dense seb W C S® containing 0nly reguar values of 2,

but

specifi caiy unt®(A)= ¢, e  say 4hat
We wont 4o say +here's a dense subset of yectors (A € ST such rhar (1) P(k'(p)) +tv and
@ Yv‘(P) and "‘w'(!«) are linearly jndependent When Yvip) = ¥yv(a) for (G € s'xs'. 83 Sard's theorem, we
hnow 3 an open, dense subset (A CS® which contains oaly regulac values: VE ST St for any (pAVE € (Y,
d‘(’l(p,q,) is surjective. In partiualar, we can chooe such a U st LWnw(a) = @
Notice  that the double poinks of ¥u are exactly the preimage of v under ®: f ¥v(p) = Fvla), then
ay
K(P) and k() differ in ®3 by AV (KA -E@)=IN Hene, W(pa): PR - W@ = gz V.
This argument is easily reversed.
Rlrigw- So it VES' and  p4 are double poiaks of Yy, +hen  (p,q) € P (N). we swowed avove
wat Y'(p) and ¥'(4) are  linearly independent iff [d€) cp.g) is  surjective. Sine  we want 4his condition 4o
hold V double points, we want 4hat ¥ (P E €7'(V) , [d®)cp,q) 5 surjective. This is equivalent
to saging +hat v iS a regular value of «.
Therefore if vesz, then condition 2 s only satisfied i v & O regular value of <. Sard's  theorem sayd
tha} we can find an open, dense subset of such v.
measul
probably o do with o.
That  deals with condition 2. TFor condition 1, yremember we seledively chose u st unecal -=.¢
So certainy Vpes, @ # TV oy, any cegular value V ofF @ So on U, condition T is
Gufomatically Sakissied-
Similar:  Show that L and 2 weld gt V, inere's o nedrby ' foc which 3 holds, |:|

e & 4l Ao



o4 Reidermeister Moves

Problem: given D and D' which represent the same ¥nor K, how are D and ' related?

Reider meisrer wwioves : <D @
Ry R
R, R’

Dfn:  diagrams D and D' are \ocally equivalent if mere 8 ACR® st A D' Such that

Da(R*-A) = D' n(R*-A)

essentially You can perform  Reidermelsier
and  homeomorphisms ¢: (A, Don)y — (DY, Ri)

¢ : (A, p'na) = (p?,R;')

Example: @
1
é 1

Mmoves  locally v get from one to another

Theorem:  Reidermeister et ~ be ihe equivalence relation on diagrams generated by local moves and  diffeomorphisms

es. % . m

T0 D ana D' represend  isstopic tnors Kand k', 4hen D ~ D'

of R®



Proof of  Reidermeisier moves.

|

3 6
@@?@
& @ ©

[
PL knots : if Ve (Voprva) € (RP)™ with vosva jer k(W) U Viaui
\ine segment
Dfa: k(W) 35 a P Keob iF wisovi AVIN T @ Ror igjor,), jel.

Dfn: Suppose K(V) (s a PL knot, ond V'ER?  with  the tdangle (AV'.V'\H»\\ having

(Avivivie) 0k(D = Vivia - Wwe say KCU) W \otally equivatent to K( Vo - ViV'Via, o Va)iz K(VY)

Picture:
k(v")
v, 7%‘/ /t—-/ < Nor alloed.

Vidg

Kk(v)
dea: k(W) M (W)

(PL isviopic)
Dfn: pL equivalence (s +he equivalence celation  on PL Knots  Qgenerated by loCO\  eauivalence.

Thm i There's a  bijection L smoon knws§ — e knors }/ isotopy

k — LK)

iF K i piecewise smooth isokupic LCK)

Picture:



We can consider knots as PL knors, and oalse by using 4nis teangle  trick we can insert Vertices or change our
Knot in Some Convenient way that  gives us something thar is  equivalent o the original PL kmek.  We (can use

this then 4o Shew +that the Reidermeister moves give ¥we same knot Using yneir  PL analogues.

Suppose Kk and k' are \ocally  equivalent. After subdividing  Eriangles, assume  dnat m(4&viv'vis) intersects
T(K\ vivin) in  either

1) a line  Ssegment. Note:  green vepresents the knot , blue
represents e triangile
Vigl Vitl
K ~ 9ives new knok ~
_—
k' 2 []_)
v, vi
v v

2) Two line segments
Viag

NE
gives new knok
_
S RI
LT | )
vi

3) Twe line segments with a single crossing

<

<

[} .
v v
ives New knot /\/
3 / \ = RI)
—_—
" /
\ (under ~ over + crosses ~ over)
vi Viay vi Viay
Warning:  continuous maps dre nov  \our £riends

9. T: -, 1) > E-l-I]-’

T Va — — —/@—
‘Il —_—

— Q\_ t: L R}

'\'S(‘l’.) : [-3,5 = C-S,$]3 @\ ._/C'D'\._

T5(8) = sT(ts)



1] Jones Pelynomial

Motivation. Wwant 4o show O + @
Jdea : T: 7dia9r«ms} -7, and if 1 doesnt change under Reidermeiste  moves, it descends to a map
1 :f_\u\ols‘; — S
1Y) Kauffman Brackes

Prop: There is a unique wap

0y <g> =1

<< v ikno\» diqgmm,} — 7’.[A"',B]
\o ol cules

n ¢ Q>

) <O©>

The

sarisfying
At QD>+ A R>
B<O >

Example <O<> 7

fwo cirdes:
I'ak oliag mms

Pick : CQ) s.(%?‘-f'<@ >+A<%>

: A"<w >+ A <%>
@B < 1 <

AN2CQO0oY +< 0> +<C 0> +at <o o0 2

proot of  proposition:

¥ D has N crssings, we can apply the rule to  eveny one OF them. The  set of gossible
resolutions i in bijection  with 13"
\/\
vyz-t Niz 4|
4
-

)~
So giwen ve 40, assign Dy v it
Rem:

by resolving

¥ crossing  actording 0 Vi
-1 et
A T
\
KT

as
)( ) reverse of above

above.



iVi |DV|
Define <p> = 2 A B , whert IDvl = # of (omponents in Dv.

veitgn \

Dy is the hnot afrer vesoling alt
Crossing)  Occording 40 ¥ € T 4130

Pop = < >  satisFies .
s EECONCY,
n XY = A >+ aczd 5
~ D = GD
-1 1
proof : (1) s obvious o . o @ :
@ <N> = L o™ 4T AT ; 1',@
J Tvlv;=-13 [vlvj=hl ) :
jlvl- Crossing ! Df|,-|l =2 H D{|,|g =
©ONI Y+ Ry
B w D=0 , 0= , wmen byl = Dy 41 |:|
</ — l l Note: arientation of Crossing
Effead of R. Moves on < . ~

\s very important 4 keep track of!

m (TS = AUy vl
* Ui +A“<X>+A‘(X>+<?>

(o)

(A t+e+nz) CEY L1

Fom now on, +ake B = -A%- A?
> (9 = <>

RIT1 diagram

- ) + g

R]]I) < ( % > T A ( (&) > A >

think Qoout  which woy yoy = A < /I// ) + A" ( ’7\(/ >
view diagam.

SN G IR Y GRS
))
< KD

o < > s also inaviant  under RI[T.

by RII) ‘nvariance

v) SXOS = a'<|oy +A<C D>
s W -at-a)4n) > = o3>

which is pnot invariant under RI.
—



If D is an oriented link diagram, +hen every cvossing looks  [ike

XX

-ve wossing +ve  crossing

let ni(pl:= # of 1 Crossings. The Wwrithe ofF © is w(Dp) = n+(d) -n-(D),

lemma: & Di and D;' are retated by

i*" Reidermeister  move:

D) \N(D"\ = wi(p) -\
B wi(Da'"Y = wi(bp,)

3) \N(D;'\ : wi(Ds)

pof: D N\ | . Then ©'

-ve Crssing

Was gne  More cressing +han D ond is  -ve.

2 >\ D' has 2 moe Cressing) With opposite  signs

no wmatker what  Orientations are, Sign of Cj

= Sign of ci'.

Thm: & Dis a \ink diagram, +then

1S invariant Under  Reidermeister  moves.

TN A CH BT B O S R

- (__A3)-wto,)(b> - \—/(Dn)

and <D D3> are  invaviam under RII ond RIT,

]

n
- . . \ 3
Dfn:  An oriented , n- Component liak  in R3 iS an isotepy class o embeddings L i S OoR
The same proof a3 knoks shows  \inks as diagrams, and diagrams sf 0 Gak are
moves.

velated by Reidermeisrer

- -w(®)
Dbn: if L 1S oan oriented link , V(L) := (-»?) - <DV,

where D s
unnormalized Jones

any diagram of L, is the
polynomial  of V-

€&x: V(o) = B = -AT*-A%.



then < DV = (-A.;)MD)B.

Comhary: IF D s a diagram of e unknot,
(2n) -toms link is represented by Dn:

Example:  The negaive

N orossings

Resolving:

<Dp> =

A<D + <

A\ +ve crossings now

ch ' o> +a(-A®)V'B
N

have o recursive  re\avion Hfor this  bracket.

S0 we
% <b> = o-ats (OCO> - g
D R G e L I 2 <R (1 4 a8)
5 <py> s (- AT A 4B
T SN I L LY RSt S ST
w(dn) = -n | N(T(2-n)) = (-A’)"(-A""t) (144% -A% ... + a9 B
Conliavy: T(z,m) = Tle,-m) = h=m
This s o family g infinitely many  different Knots.
Beer  nurmalivation
Te normalired  Jones polynomial of L is Vi(a) T \-'—BQ b \-,z%\) \q,--A"‘
Exomple : VL(O) : |
-6 a ‘L-‘m)

v( Tz ) =g (14 a7t g7t



1.2 Operations on knots / Links

10 reve¢

L)
r: 4 s'— us' reverses orientakion on each Component.
(1]

So f(L) s Loe : Us® o R'S

] : \
Effect on signs '\/\‘ . '/\ - X‘ 2\
+ve e

‘*ve

se  w(r(P)) = w(d)

Zye(@)> =LY

and Swace £ > s iadep- 6F  gcientavion

3 NGr) = V(D) and  wCrCR) = w(L)

FUME e e butnot all :  mulhgly Yy  pamer o A (or pove @ g resp) saak asos

Miccor :
The mircor oF L i3 pel  here p: R w3 s a refleCion
Foc diagmms , use Pl ay® = (wy, -¥)

X —A

F'S- W K= @ -ve trefoil E : Cg\:) +v@ A cefor).

Since Cov = (-A-pt)< >
XS = Ay (Y + AC YD
AY = A'¢x> + AnOO

D < s invariamt  ander the operation of  simulkaneowly  sending X - and AP A
T.e. €B5> = <o>|anat

-ve

on  Signs: /IS » wd) = - w
tve

\( T(t,n\) :q"‘"(\*,_, tq'“)
5 V(T) = N |pwa ) equivalently v(t) = V(L)lq_n-»g"

n= 2 ,then  odd powers appear-

€4 (zm = T2

§ T(24)
so \( T(z,n)) : q"‘"(\.”'q_ Qb.... 3 ‘l}")

Positive  fous  knets  have positve  powers of g 1N 4he  TJones polynemial by %’ noimalization.

s T(um % T(z2,-n) ypn o).

when n<l Wet(2,D = (2 -1)

’



Dis'! 0Nt union
[

€9 1(2,-3) u T(23) : O@ CZ{)

biagams D,, Dz — ©O,UD, :

n L)
p . us' o m3cs? . us RPN
L v, La u © R S. VLot =

A yoomo 3 s
Then LUL,: USuus & s°#s’ =53

newm o, s
- LU, * U §8 &> s
Nove: < D(UD: Y = <,V <D,>
proof : by induckion on # of crssings  in Dy Skein  RWhon =
Writhe w(D, UD2) = WD) +w(D;)

- - e
s Y(LUt) = U(L) V() and  V(LuLz) = y(L) VL) V(o)

[
= (a7 +a)
Co u
B kSl omde ST, kit S, ORPS P ore knows, | ge?
. \ [} 3 3
WKt S HS, — S HS; 15 aneher Enov
n iz
S‘ ey S;
on diagrams:
b, = >, , D2t ) then D #D;

“This  dees not depend on HPb

L. @@ N @Q

Cxercise: VCKe#Re) = V(K V(K?)

TO SRR knoFs: kno*Info O¢  Knot Atlas

v(LuLy)
G (o)

\ q'-.-k-l

V(Ll\ \-I(LZ\

¥ (o)

Q-

V(L) V(L) V(o)

TOEO) Qs -at

VRIV(R) T (o), Lyt



1.3. Crossing numver

tA'H

IDv) vy byl
) = = A = Z <> = ' N <A~ - A2
<p > s tgn B ” v where <D>y A B remember B=-A A
et M = waximum  power of A in <PD
m®) = Mminimum power of A in <PD Wl = & of components 'n D afler
My(®) = wmoaximum power of A in ¢D>y = ZN + 210 resdving via v € THS"
mv(® = minimum power OF A in <pd, = Zvi -21Ipyl.
1 v e TEYY, sqy VeV i v sV oNg
Vo = ((+u. o+ , veE (= -1) , then Ve €V S v Yuv g %A
Say  VN' i ViEol L NGl E e and VTV Y i
Ltemma : it V<&iN' o nan Pyl = Iyl 20,
poot:  Let Dy; be +the diagram obvained by resolving ol Crossiags  Occording de Vi =V’ except 0
trossing  Then D pay  one  Crossing, and  musy  look ke
note: crossing will be in one
v component, Mok the Crossing
«® o V) m of two Components, otlnerwise
we'd hoave fwe Crossings,e.9.
Plus & bunch of Circles: Resolving Geeording 4o viz-1 and w'=1, \/)
(%)
S’\Nﬁ\qﬂy n b), ‘DV‘\ = \Dv‘ =\
“/N™ 2 s bl 0
O —ve/ \*ve
n
Propesition : Foc oWl V€ L R4} M) € M, (D, and  m(® 5, M. (D)
poct:  If v <jV', Yhen

(zv;’-c- 2|Dy] -2 =

Mu(o) s 2% 2210l ana MDY+ 2w’ + 2o 2V 42 (101 -)

T M(D)
= Tv +l +z2lpvl-2 = 7': v; =V +2Wovl = E.V'.+z|1>vl) My’ (D) 2, Mv(D)
i%) it) .
For any v, we Can Lind a  chain VEZFEA NI T LT SR & I
and Similarly  for

second starement. tura  negalives into positives

Cor M(D) § My, (D)

and m(D) > wmy_ ()

<oy =

rr: z, <D

D My (D¢ My (D) ... ¢ My, (D)



So M (D) - m(p) ¢ My (D) - my. (v) \73 previous Pmposilion
: (n+210wl) - (-n - 21pu)) by deFinition
: 2n +2(1besl + Ipy.1)
where  n= H of crssings in D.
Say D s (ennected F  yhe space  of e underlying plane  Curve  (forgeMing  Over and  under crosings) 13 Connected.
» X 00
connectred not  (onnected
lewma: if D is o (onnected planar diagram With N crossings,
Dvsl + le-‘ € het
poot: by induction o0a n:
neo Q [Del = 1De- | =1
(3“\) )
In general, chosse a wossing of D. L+ D and D' be 4ne diagrams Obtained by  resolving  4hat  Crossing.
M least one of D and d* is (opnected since D is. Suppose il's D7.  Then 1(p7)-1+1(0)+) ¢ 0-0) +2
by induction.  Pss s <3 D+ > 1pal s 1Dl + 1 vy our lemma. 1D+l = (D), ] 2
= )-1+ 1D\ ¢ (-0 +2+1 = ner . Bt (D). = D-, s
p7)-1 +togd € D) |+ 1ol 1 ¢ (net) 42
S Ip- 1| + D4l ¢ n+2,
1t D is a plonar diogrum , let  C(D) be e  number of crossings in D.
c(v)
[\]
Cor:” i D 35 a conmmected diagram with N cwssings,  twen M(D) _pm(p) ¢ M(¢Dw) 'M(<°5v-\, where

< DY, = A‘Zn;(_a-t_ At)lbvl._‘he“

M(<DIvs) - m(<DY,.)

Myt (D) -
T (v4); =c0) Z(y_); = -¢(D)

= (C(D) + leH—\\ - ( - C(D) - z|Dv.\)
2¢(0 + zIDval + 2 1Dy

n

2cp) + 2 (c(o) +2)
= ge(o) +y

my-(D)

Definition: say L is nonsplit it every diagmm D  representing L s Connected. That s, L #Lulz for
Ly, L2 nonempty.
Definition : TIF L is a liak, ibs crossing puwmper s clV) = mia i‘“’) | pisa diagram of Ly
Weite Mq,(‘l('-)) * maximal power of ¢ in V(U), and
M (VL) = winimal power of g in V(U IF L is split, wwen L= LiULl2 so

v(t) = v(L,)vlt2) v(0)

5 v(0) | v(u).



Thm: (koutfman) if L is a nonglit link, then

c(t) > |I(M,(vu.\) = m,(vm))

pi: iF D is a diagam of L, Dis cennected and V) = v l
-At-at Q= -a"t

So Mg (vt) = mq(vcu) : 1 (MA(TW) - ma(F0) -4)
€ 3 (4cm) vu-v)

= 2 ¢(p)

Example: L = T(2,n)

viLY = "' (14 qt-qe il iq”"‘)
so Mg V() -mq(vC) = 2n
? ) ¥ n
But 1(2yn) has exatly N crssings
A cCyn)) = n

)
5

4

N.B.  T(2/m) is nonsplit, since (14 q,'") + V(L)
l¥. Atternating HKnot
Dkn: a diagram D is aliernaing if as we taverse D, crosings alwernate  between Over and under

Ry  T(uy) :
§ IS alernaving, as i eveny T(2iM)

9. figure § hnot
/ 15 also alternaring

L is aMernading if ¥ has an aliernating diagram, and is nonalternaking amerwise.

Mon exampie * @/) not allernating, but  bedng  (unknot)

T34 net  alternaving.

3



Dfn: if D isa plnar diagram, 0  Oneckerboard (o\oring of D is  On assignment of cors  (blatk or white) 1o

each region of the Lomplement of Dgaph Suth that  the (olors on efther Side of even edge differ.

Dgaph i3 the underiying  planar G -valent  grph oF D

Example :

lemma: = eveny ?la'\ﬂr diugvam has exacly 2 oweckerboard  colorings  (related by switching coler)
proof: Fix a region Ro - T qny otwer region R, picka path ¥ fom Re +o Ry which pmisses verhices of

Dg mph- Then  the mod 2 indersection H of ¥ \ith Dﬂ""“ dekevmines twe (olor 08 R from e Color oF R,.
This  does nov depend on +we Choice of ¥ since  @uew vertex of Dgmph has tven  valeny 4)

mod 2 OF of loop is zem, So  faey Must be same.
(% mod 2)

]

Giiven & checkerboard Colodng of D, we can form fwo new planar gmphs B(D) . W(D). where verkices ot  B(D) are

e Llack regions, ond edges are e crossings of O.

R.9. dnen (o) = ——m

edge goes 4hrugh  Crossing

Similarly o W(D) with white cegions.

eq 1) @ then  B(D) = @ and WD) = O
eq = ” R @ vt s (O

Observe +wat  B(D) and W(D) are dual planar graphs - That 15,  \er¥ices o w(p) & (omplementary regions of B(D)

and  edges of W(D) <> edges of B(D)

eq. 1) @ and 2) @



1 verhees

€ xample : T(2m) = BO) - n edges
To find W(D):
T N verkices
n edges

At a crossing:

2 possibilities

1 T

We'll say iwat a Coloring s Consistent if all crosings are I or all crossiage are .

hhing:

this is  comsistent.

Lemma: if D is a connected planar diagram, then D is consistent F¢ DS alernating.

proof:
iype 1

cl

i \Hnis trssing has 4ype 1
iff crossings alternare os

L go fom c 4o '

D is Connected = 1 get 4o OW CSing  USing twis wethod. 5o D alternating S D s (ensistent-

Conversely, given a planar groph 8, twere is a unique alternating diagram D with B(D) =8B.

To construct D,

1)  start with a disk armund @ach vertex ot 8

) Add a4 crsing  along  eath edge  (4wis determines Dgarh)
3) Chome gl cromings do be  Consistent  with  coloring.

e9. L
—_— 1
—_—

3 .
[ + Choose cssings = .
Jo be consistent ? = Q& F-Sure g  lnot.



T£  every Crosing is  dype I, ihen
X
./ \-;\
) ( N/
/A
round  burder of round  bonder
black region oF whire region
So  Components of Dy. Qre  boundardes ol  black regions, Ond components of Dv+ are
T
v-/ \‘*
Lemma: if D is a4  connected alemating diagram , +hen Iov-| + lpvel= cCo) 2
proof: 1Dy | = # of verices in (D) Weel = B o wedices in WD)
= # faces f (D)

N -

E+F =2.

B IDv-l = € + IDyel =2

# of Crssings =

CCo)

So  B(D) Vies on a spwece, so
and € T wnumber of edges =
Hence,
IDu-1 4 \byve] = cCD) +2.
0402|200t
Loy \ecrure:
prp: There's o bijection

i Connected

altemating }
planar diagrams

Connected planar
gmphs

Remork =0 ypirror (D) i equivatent

Y 8(0) , where we
use h’pg 1
Co (oring

‘o 4aking planar dual  (switches black + white

voundQvies

grpns)

of white regions



2 D=;

*% o black graph Rem:  black grapw of D)
white graph
~
(ie. K is amphichical,

over S° k= k)

Observe +hat  B(D) and WD) are dual pianar gmpns - That 1§, Ver¥ices o W(D) &  (omplementary regions of B(D)

and  edges of WD) &> edges of B(D)

09 1) @ and  2) @

The set  Dv. = boundawy of twe black  regions,

} » By Euler, IDy4| 4 Pv-| = <o) +2
Dv+ = boundaw of ne white regiony

Exampte: m n\h.maling diagmm of  unhknot, but does not have mianimal crossing # .

Dfn: A Cwsiing C of D s nugatoy if D looks  like 1) v

(g
G Y = I [ po (]
c
1 B0 nosa bidge [2[>, , rumoving i Alsconnech twe graph - still ossuming all
¢
w(Db) was a loop Crossings are type 1.
) 8(0) has a loop % (edge with otk  endpoints Hhe Ssame  yeriex.
c

WD) nas a bridge

We say © is ceduced if ¥ has no nugatey  crossing

& B has no loops and no  bridges
S 8®) and w(d) have pne  loops.

Lemma: if D is a reduced , alternaring odiagram, then wm(D) = m( ¢<o%.) = -n=-12ID|

and M) = M({Ddvt) = nt 2IDvsl.

P'“f: Suppose 4hat voevt The diagram obtained by resowing all but e i*h crossig  looks  like

you can ger o a
(oand a bunth of ciccles) A) ‘ E;{E ’ bridge by cesolving,

but you carid 9t 4o
@ a \oop by resolving.
sine D is reduced, no edge of B(D) is a loop, so diagram looks like A) insead of

L green edge remaining 1S Frow  ocigimal srq‘,\.
So M3 b | = 1D le

2 m(<Dd-) < mpdy)
5 m(Co>,-) ¢ m(<bY) & oal v

Lram our  lemma

Snce <D? = Z<ON, (D) = m(<or.) . Similarly foc M(D) and Dye (Use while graph + no \oops) |:|



Cofnllavyi if D is a reduced alernaving diagram, then

M (D) - m(D) = M(( Ddys) - M((D)v-) Tn+2Dyg) - (-n-2 IDV-\)
< 7.(n +1Dy+ | 4 ‘Dv-')

f 2n+ 2(n42) = ynay I:’

where  h= # cCrossings ia D.

(First  Tait Conjectuce)
Theorem: i L is @ nonspiit link, and D is & reduced alternaling diagmm of L, then c(L) = cCd).

prook W o' s any diagram, inen

o) %3 (Ma (VL) - mq (V('-‘))

% i( %.(M(D) = m(D) _")) : 2C(D) b_‘j Corol\ary

|.5. Maximal Trees

Recal Wow we compute T
(-a%) ¢ o>

(€Y - &0 - D>
(€9

A“(@Q) + 2 < @

-p3) ™ Ay’

want o think abowt  wnwai  happens 4e dhe bk graph.

Operations on Planar Graphs
Squash

}Conl\ec\-ed planar graph :
IP e is oan edge ofF G, which is neither & loop noc a bridge, +hen G\e (remove ®) and G/e (conaese

€ 10 a point) gqre olso  connected planar graphs

Ir Dis a connecred planar diagram ( not hecessarily alvernating)  w| a checkerboard Coloring  and € is a crossing of D

diagram ; E

Assume C 15 non -nugatoy & Coresponding edge € is neither a loop nor a Dbridge . Then we

> é B(Dy ) = s0®)\e

8(py) 8(p) /e

have +w0 resolutions

“



Definivion: i G is a graph, @ maximal +ree

Ex: @ has 3 moximmal  ¥rees:

Definition: A (onnected planar graph OV s

Proposivion = If G is swmaw, 4wen
9 G hos a unique moaximal +ree

) 1 D s any planar diagram, with

®(0)

of G

i a subgraph which i3 a tree

/\’ ¢—e , and \-/

Sman

proof: (A no lop can be an edge in O Maximal

edge of G' is a bridge S  only wmaximal tree is G

= G, Ahen

if eveny edge

tree . et G' be

®) G' s o tee. Cwoose v which is a leaf  of G'. I v

15 as  Shown-

So D can be gimplified by an RI  meve  reducing # of
I6 V  nas  loops s &9 GQ y Find an innermost  loop attached 4o V, then W 100ks like
'-

/

Soe D can be gimpfied by an RI  move ) reducing # of

After  cimplification, +the new smph sl was oaly bridges

will ve ceduced 4o a Single yertey,

Recall 0 subgmph 6' is a  maximal tree
) 6’ i connecred
D Va': Ve
) X(&'):1  Cewer cwaravieristic)

(€]

and Containg

S either a  loop or a bridge.

D can be unknotted

us '.ng

the result of deleting

tself.

has no  loops

edges N grapw.

arvached 4o i+ in

edges in  graph.

and loops. By

which has associated  Knot 4the

ifF-

P

%a) -

Jay On edge e is interesting if ¥ is neitwer o loop Mor a  bridge-
are  (onnecved planar gnphs-

G\e (remove e), oand G/e  (colhapse e

Definition: let (@) = $T¢CG : Tis a maximal hte}

V-E+F

n-(n-1)t0= I

deteting does not  dis comnect gruph

induction ,

unknok -

Il e 15 interesting,

only  RI  woves

every vertex of G-

. »
(is the uaknot)

all  loops fom G Evev\,

Twen do induciion.

G, *hen D

the corresponding diagram

]

then  we whave Ywo operarions



neither 100p nor bridge

interesing  edge of G, +hen there's a bijection

lemma: if e is an

M(0) = m(a\e) U um(G/e)

TC G\e if eg¢T
T/e C G/e it eeT

T —

pnor: using Criteriq (¥), it's easy Josee +hat he image of T ¥ o moaximal tree, Ond the jnverse s given by

Te w(ane) —™ tcG

Te uCule) — Tue 4ading wack +he edge |:|
Standing assumptions :

i i ; ®) i L L A e |
Dis a connected diagram of a liak L , G= B, and write <bBY = oy | atoa? Q- -t
, [Ty .
Propasition - <ov': Z A <pd f-17-o2 Some function ( not 4oo importam)
TeM(G)
where Gy= B(Dy) 1S smal  ( was no inleresting edges)
proof: By induction on number of crosNGS of D
D - O 1S obviows . Given a genetal D, if G = B(D) s sman +hen T'm doae. Oinerwise Choose Gn intetesting
edge of D and vesowe the (orresponding  crossing.  Twen
(D)' < A-'<D)(7' -\'A<Dg>’
i B(Dy ), BU’%)} : 1 Gle, a\e}
(X4 £201)
.!| 1 -y T ]
By induckion applied 4o P and Dy, oY = AT 2 A LD + AT T A <DyY
1€ m(e\e) Tem(k/e)
' -F(T) ]

By lemma, 5 <p> = Z AT Cop

Te (@)
Best way fo #hink about ¥Wis s via  binary trees

Sy
H ® <

A-‘ A /
@ o -

O

N
©



Covollay:” it V(L = g ( T & ft“) , then  Zlail ¢ # u(o)
£T

)
<D

<oY' = Z A
3\ wior) Tem(6)
P.oo(: Dr sman = <D = (-A ) ! 8(Dt) small = Dq represents the unknot-
- Then you  muliply by factors

5 <DY = sum of H# M(G) terms Yot ook like %

Definition:  polynemial p@) = q* (Za q,“) is alternating b aiaia €0 V.

- ?
Example Vt(zm) = g™ (Vv +q%-qb +ql-q +. t g ") s an auernating  polynomial

Theorem: f D is a connected aliernating diagram, then recall: alernating diagram means

a) V(L is  alternating  and crossings alernaie belween over ond

b) Zlai) = | V(L)lq}gq\ = # 4(G) under Qs you 4ravesse the knot

. 7/
proot: Suppose D has a type T Coloring , 5o Gveny crossing  looks ke x . Then Hwe vesolutions Dy and

are  both alteraoting of type 1 Coloring:

A4

O */ - .)(' G\e W vy s alernating,
¢ N

be 1 DK = X e

Consider hW(a) = Vg + X(&)  Under our operations

[ G - G\e then vy
4 X — Y4

D o hr

4 AR b
N G - Gle, twen Y — X

A W -l

The net resulr:
<D7I - Z Ah((ﬂ) - W(&e) <D1)l

Simplity Dt wsing RI moves. o simpiify Dx , eitwer

/—-'o ° So ot w —» Wt

ond v =v-l, XY
\ H W — W=l

. emove o \eaf

so that W = w-!

0 - -

A Ya)

9_’m ond VvV =V, X =YX
N\ A W W

® o remove o loop °

5o cChange in writhe w IS oppasite e chamge in W, S

tA of A to get V() which does
nothing o the coefficients

Dy



W=z o

X =1 Wz 1-h by indudion
A L)

\Y

W (@) - (Ge) )
In Summany, <od' = Z((,\) [ (oY
TEM

Z A

WK) - Wi6r) (,As)“""“

W) - hiar) 21-W(Gr)
Z A (-»%)

T

) (&) - )
Ah(‘l sy (a%) W@

T

Which is  precisely on alterna¥ing polynomial  in AY 3 V(L) is alse  alernating.
@) A ¥ s easy (look at coefficients of polynomial) |:|
Definition: if L i5s a ik, W's  determinamt is  der(L):= \V(L)\q"l___\ I

Theorem 3 i L is akiernating,  der(L) = # MCG)  where  Go: B(D) is Gny nonsplit alernating  diagram of L.

Note  hat i L s sphib, (g+q ) V(L) » der(u) =0 (spli+ & can resolve nto @ link with  disjoint unknot component)
Corallavy:  if D i a  nonsplit , tonnected, al¥ernating diagram of L, then L S nonsplit-
prook: detL = H# M(B(P)) > O D

Open question: is the c(Ki#¥2) = CCR) + (k) 2
True it ¥, k2 ore QWRrnating

Bes' general beund ( Lackenby)

¢ (r# ka) % SLE1) s CCre)

152



3 Alexander Polynomial
2.1 Knot Exeerior

Tubular  neighbourhood  Theorem : if NCM is an embedded sSubmanifeld with normal  bundle  Vnjm, +hen twere  is on

€mbedding 3 P(Vam) O M with jeS. = inc. NaM
Jdea of prof: use exponential map exp: TaM ™ M hich sends VE TxM & Xo(), where Ty = umque geodesic
with Y (0) = % and Y(o)ev (e pick any  Riemannian metdc). Consider CXPI\J.,,M , Vnm = Nt ¢ TM,  and C(ompute

devp = id. Define (v} = explv) oand use inverse funchen thm to 3ee ) is an embedding.

An aside: Links in §3

3

Definition:  an oriented , N- (omponent link wn 53 is an isotopy  class of embeddings L: Us' —s3

Note R? ¢ S® (one poink (ompadification) So we get a map bg inclusion

¥ : | oriented links in Y} — 1 oriemted tinks in 3y

Standard transversality Qrguments show  +hat
1) Y is surjedtive = Qny L <3P is isskeric to L' which misses oo

® isa O dim. submanifold of S3 and L a 1- dim Submanifeld
2) Yis injedive: ony LxT o SP generically misses oo

LXI is 2-dim and o O-dim
Links in R® & links in S
Return +0 TNT:

Suppose N cM is a smooth  submanifeld , and et V= Jmn be the hormal bundie, With Se: N =V
the =zem sedion.

Definidion:  j: D(V)es M is a +ubul@r  closed neighbourhood of N if
o) Jo So = idw
B djlsem F Tseemd 2 TaM
1 \t
I
d - T‘xNodt = T NOV«

Tubular Neighbourhood Theorem : if N CM is a smooth  Submanifold, +hen
9 3 a tubular neighbourheod  j: D) e M
B if 5,)":0(3) <> M are two iubular neighbourhoods,  then J~i 3 Cisoropicd
vecvor
idea of proof: Q) define j(:) = apnn (V) where exp (0 = B and ¥ is the unique  geodesic witn Tl x
and  ¥'(o)= v (pick a Aiemannian metcic)  ( taking € sufficiently sman)
B) Define MgV =V, Ve €v . Then v ) °Me  and i’ yo Mg ) SO i*'S enough o prwe hat
)lpim ~ 'J'(Di(v) . Argue as in prook  Flg (o) “4Flx  (similar te Fist lecture)



> ossume M Compock
Definition : ¥ NC M is a Smooth gupmanifold, and  j: D(V) & M is a tubular neighbmmond, +the @xterier of N s

n - ) (po(w) , dencted Ey.

If L: NS M is an  embedding, write EL ® Eimn .Node EL is a  (ompact wanidWd with boundany , PEL = SCV).
The (omplement of N Is M-N | which iS @ noncompact manifeld . we  have Mm-N2Ey U 3E x Lo, )

- ?
( using Ph- Fe3 * s"'x [0:“)}. In partialar, En ~ M-N idea: li%e gwing
back eventhing
up uniil N

Example: Les w:S e 53 be 4he wild  em bedding " fom second \ectare

B

T

Then T, ( S® —im(w)) is not a Ffinitely generated goup =  S°- im(W) 1S Nt hometopy equivalent o a  Compact
3 - manifold  with dbounday. Se W has no  tubular  neigh bour hood . Continuous moaps are not e £eiends!
Need  Smoothness-  But : $>- im(w) is a smooth  3- mamdold-  (wild end).

lemma: F K: S <y 5>, then VUskyy is 4rivial.

proof:  VUsd, is Q ‘wo dimensional vector bundle over $' . By the clutching  Construction, such Vv.b. are in bijectian

3
with Wiy ( 0] = Mo (0(2)) Wwhich has two elemems. Expricisly, T2 T X R/ g4y 1,0 v: R* 2m*
M= 1x Il‘/ Comv) ~ (1, rew)) reflecrion
Notice  +has M 13 nonargntable (s o yector bundle = D(MY iS  nonohenravie a3 o 3- manibld.  Bur s3 3s

Orientable |, So  D(M) ¢f5 S3 . Su W wusr e that  Vsd/c 1S the ddyial  bundle.

]

So D(\'S‘/g) 2 s'xpt:: V (k) (notation)

Picture:

ke s'xp?

generato: of ker = red curve

R YT L The map (oM, (Fum) = wlo) o W T T L0

H, (1) — 4, (s xo°)

3
l-\"_ ? - [}

fn orientation on k determines a prefecred generator  m & ker(is) OCcording do right hand wie (or ab- intersection :
K-Tp2) =1 in He (U(K)) e K.C30'):1 in  my( 20CK) )

This wm s called +we mmeridian of k



n
Proposition: Suppose L : us ost a tink-  Then

e it e
We(ed = f gn i st
1 it % =0

and  H (E) = Cmyes ™a> ypere m; 15 4ne  Mmecidian  oF 4he ™ Component

proof: S = E. Loy V(L)

n
, V() = fubular nhood of L. 85 lemma, v(t) > U s'x Dl, and
n
3L ¥ VT (homeos) . Consider 4me Mayer Vietoris sequence:

0 <(g3]> 7L'\
0\ \

\ \
\—\3(CL) ® H;(O(L\) - H;(Sg) __9" “1(30('~))
) H; (X) =} "

= (0TI

He (€)@ Hz(\lJ‘(L\) - “1/53) 2, AL(av(Y) = 1"
. (ede H,(\)(L)) - %53) —

b/ 0
" -
Consider +has o05%]) = @ CT) = Ha(EL) = /<(l,----|)> 2 1™
Alse 0= 1= L, W (€)@ " 3 W(e): L" and iy (m) s0 B H(E) T<miv o n.

This s disappoiming, since 3he onswer doesiv depend on  Onything except ¥ OoF Components of L.

Let's  alse  compure H*(Gy_, 3E,). By  Les,

2.1, Seifert Surfaces

Suppose  WC M is an n-dimensional closed, Connected, oriented | emvedded submanifold

with indusion (1 N oM.
Then Ha(NY Y 2 = CIND

, and wrte CN) = W (TND) @un (M),

More  generally,

(m] €n (1Y) ( \oop)

Now Suppose  (N)3N) < (M, 3M) | where N @

Gompact  connected, oriented n-manifeld with  oundan.
Then LES of (N)BN\ \0O%§

\we

Ha(N)Y = WHaln, 98) = naa(dN) = wan(N)

L}
= N
7‘ injective [ ]
previeus group

being 0.

connecied
with IN% @ |
[

Homology of solid  toms:

izo)n

R

]

N Fd¢.



Twen Mo (N,N) v = € (n,awD>,  weite  On, 3n) = te ([6,08]) € wal M, M) |
So\id dorus

Cn,on) € u( s'xp', s'xs')

? 9
We have o commuting map of L& of pairs: Ty, 9N) > (anN]  ‘n wi(n,W) = H"(DN)

?
e N O R Y A T LA ) Heor (BN) — . ..

R

R— Hl\(M\ —> Hal M,dM) L Haet (QM) —_...

Hence (NN = [(3N] € Haa (2M)

o
HalM, M)

Homology of +he Torus:

Proposition: 1) W (T ‘) 8 71:

0 il o €HITY, o€ [¥], where ¥:S' 2T (s a simple closed curve il o is primitive

(ie. o3 kKp & some k%) qnd
M E T s et W [¥): 03], then Y Y

?naf: think Obout 2. Ml foms alomg T

3) mappia 9 class  groups.

Suppose k & 5® is an  oriented  knot. Then s? = Ey 03\,“)‘7(” , Where v(k) S‘Xb“, so

(k)

ms m(k) s e
meridion of K

Before We've shown ihat wy (e = { L *ren o ow(Ed) = <m
0 otherwise

dU(R) » s'xs' - 12



Definition: @ seifert surface of K is an  embedded , snented  sucface S o, wirh 98 = K (as oriented
Manifelds).
Example: unknot

Tubulor neighbour hood ~ +heorem =  we  can choose V(K)  suth that (v(K), snolk) % (Dvs3k), TSnD(\’;!,J)

S is our secifert

Pithure : surface
K V(K)
SNAV(K) is on onnuluy bounded
by K and ihe boundary of W(W).
Sav(k)

SAV(X) s a 4uowar nhood of 25 ia S. K S 3 p S
Then  $7: SAER > S (homeo) SNVCK) SNVCK) s'yg
Pop : v [937 € Hi(3EL) generates Ker (g : W (2€x) = H.(E) remember  dim(s') =2 o dim(3s’) =1\

) <m,[38)Y isa basis fer H, (3Ek)
1) Ay (Ee,?Ce) 2 n *: 1,3
o Otherwise.

and MHil €y, €)= < s’ 2s']>

Pmo(: Les ot (Ew, 9E&):

0 since  dim(?€Ex) =2,
h (ompact, Connected, ...

HS(EK) » H3( Ee, 9EK) —’D or just Ex > T'.

o
( remember : s,
Ho(Er) » uy(Ce, ) — > 4, (3Ex) W) = ) mt e
(1 / A ize
[ otherwi s€

0, (ev) H, (Ee, 9Ee) — > 4, (3Ee) — -

me H, (3€e) o (g surective.

Tp mw of tes: 2 Wil €, 9Ex) — Ha(3€n) =7

and 0 = My (Eg,26k) > K (38x) — W (Ex) >0 })
.: ;21 "‘IL

previous calc.



Consider (s',25') € Mo €¢,%€e). (o4 g = 3Cs’ 28] = (as] . By exadiness, L€ Kerty . Alss L iS5 pamitive,
SR} is represented by the embedded cume IS Consider  J*: H(3Te) = Wi 0(RY) . Then 3t Cas') = Cx)
generaies W(V(K) o 2 #0 in H(2EK).

1) follows Fom €cheris ¥ s G nonxew  primitive element
) follows from |, since  Sequence  Splis W (9E) = <m> ® Keris, and
D plows dem W), since €= 3((s’, 95')) generates  imd = keris.

Theorem: eveny ¥k & s3> nas a  Seifert Surface

2 proofs:
Seifert's algorithm:  given a diagmm D of K, constuct a seifert surkace.

1. Give eveny crossing the oriented  resolution:
/\)‘ . ') (‘_ '\A

2. ResuHing diagram has no cromings, ond a  natwrdl  orientation  (gming Rem +he arientation on D

3 let € be a circle of #e cesulting dingram. I+  bounds a disk  Pc C P . et nc = mod T # of ciccles in the
resolved diagram  thay  separdte € fom ® | ey rczo if € is orented  counter clockwise, and rczt iF € i
ariented  clockwise. -
Orient D¢ ocording to sum nc+fc t Color D¢ red if  Nedrc s odd, and blue if  wnc#re is even-

4. AHach a band X of surface qat each crossing .

Example 1:

00-00
0004

rem: orientable

Example 2:

\
1.
— Ne =)
Nne:o
hc:0
oo

here #hink abeut  tne

ced  band os siting abeve
3. blue dis¢ ( Gke a hole

where  yau  Con pur

Your  hand threugh  beheeen

O red and blue disc).

l



Proof 1: Seifert's Algorithm

. each circle bounds a disk D¢ at weight hc avove blackboard.

' are 2 circles o+ @ Crossing, +hen

Need %o check shat : %) is (ompatible with orientations .  Cquivalently, it c,c

(N
# ne v med 2. Resowe Al cressings

g0t
7
@ g ©

fesctd=)

excep* +his one. We get three possible  pictures:

Ne 47¢

(not 4he same colour)

rexre' zo re 9 re

Ne :I\cl'\'l ne = ne' Ne zng' ¢+

Se 9 hods v ol +hree cases. To see +that S is  embedded,  t's enough 4o look @t @ neighbour heod of crossiag.

we have twe local models:

L R T L0 Ne: ne' 41 4wen rc s re and

- X
- A

4 9SS €k since S i3 a
regular submanifold, So acgue

by geing local and ‘,m‘ma R
on trivial chart manifeld
(R"» ‘K“r,o),

Proof 2: ( skerch)
wcr
WlE; 1) = T wy ucr , say =<a%  dw  HUEw;7) € W (ExiR) 2 R | ond H'(Ey R) ¥ Hyg Ce).

Pick o ¢n'(Ex) with de:zo with Cxl:=a € W (Ex:R).

Tix Some po ¢ Ev, Ond define fo:€x S ¥ ‘R/7L. by fulp): J\,' % where ¥p isa path Hom po P

’
It Yp 5 onother  such  path,

s‘ o - j\"P“ = f‘, _‘.0( = (a, c‘r”‘r':b €T since came Hom an
' e integml class

a€e W(M-,7)
ot £a ( Sard's +hm).

‘“/71. Po 'S a smootw map, so pick x€S' a reguiar  value

<
with 3 C 9FE«. we ‘have
“l.( Eg, aEF) =7

So  fqlp) is wel defined in

Then S = £ (%) §g o smooth submanifold of [y

(exercise).  This class is primitive in R (2EL) > (S, 25]  generares
2 S$is a Seifert Sucface.

C9s) = pp (1t a) €4 (3EY



Summany:

()

Bvey Ko 5P has  a  seifert surface, bt IS not neessarily  wnique

() 1he crass 0351 € WilEr) generates  Ker (W,(3€Ee) > W (Ex)) ond savisiies ¢ (257 % (K), hece

)t 9Ek &> V(K) s {nclusion. This  does nor depend on Choice of S.

Definition : L= Car) the homotegical \ongitude ( seifer: \ongitude) of K.

(3) 9Ek  has a preferred basis <M, 27, where m IS & meridian for k.

n LY
Links: if L ® UL; & s> is an oriented link where Ui are +he Components of L, #hen 9Ei = U 3iEL,

. EL:= (VLY. So  H, (2iEd has

o preferred basis ¢ mi, €Y, where @; = Seifert longifude of Ci.
(forget other components of L).
Then <mi,..,mn> is a basis of H,(E. Bw wwany (€] 20 in H(EL).
A Seifert surface of L is on @embedded oriented S SP ith BTL. They exist by Seiferi's

Olgorithen,  but nb 23S F 2.

Example: L = T(2,4)

< S

x:').'u.a-l
*T¥-w=0

2.3 “I (EL)

2 presentations of T (EL) coming from o diagmm D of L.

Dehn presentation: OGwenerators are  Finite regions of R \ Dgraph-

q /w e— XY Rw™! =
2

Example: infinite region Corresponds w0 | € T (EL)

Relarions >  Crossings :

9enerators : q,b,¢,d

re\akons va"teb™t =y
catdb = |
da*'1v"' =

presentation : Capod : a'ce, atdy, datptD



atcb™ , a'db™' da'bp

put C:ab, d-ba

=) <G,b . qu-‘bﬂ\)-‘>

Take basepoint t+ = 00 € s? = R3 U e}

generator associated tv a region X s @ verhical Vine parallel o *  Oxis passing  through X (dencte o)

e 9ng inte page
° going out of page

red ond blue are  homotopic

Wirkinger  Presentation:

Let D be an oriented planar diagam . An arc of D is part of D that 1 can dmw without lifting up the chalk.
€.9. has +hcee arcs  given by 3 colors
2

(R

If there are n crossings, dhen dhere are n ares.  The Qroup Gwin  has generaters ¥y, ..., ¥a &> arcs and relations  wy,-

Corresp. o Crossings.

U I O L7ERR JSa S I

Nete: al  ¥i's are (onjugate i each other.

E.9. L IER 1R IS U] eliminale ¥3 , then
\ 2 ¥, =%¥3%2 T,-. (‘“’) W= ¥,:=8,8, '5"' LY 1Y 7;‘ l';-‘
‘\, o Gyt W UNETE SN S IR 10 e

-\ -\
These 4wo relations say +he same *hing , qnd LI LT LTI T

$. 2%, = V2%, 7

Guirr ° < §..%2 0 ¥ .Y¥ = ":‘ﬂ"l)



Greomery of  Picture

o--|<-©

Then  ¥i is a loop starting from o0 and geing  Ground arc i Compatible with right hand rule.
The relation :

ITNTALS

het effect 2 T

Claim: " Guirv > Gpenn.

pl: Dbefine a  homomo rphism ?: Gwirt ™ Goenn ; i we have o on-|--e aj then et RAT;) = u_-,(u;,')"

A Q2 a,
This is wen defined - i we have h
_— then the Dehn relavion sags  V(¥,) : e @' = ayay™ |
a3 ay (ompﬂl;ble with  our de@fﬂl\'loﬂ
e
1f we have Qs ) then
o2 e @ v el¥) elr,") = (agar ') (a3a:")(axay")
/ ay N ay 0\-‘
' Q.
® ;)
Now  define V. Goenn = Giwics as  follows. Pick a path Ci fom region i ™ jafinite region
A +
"—H\lﬁ———- -
region i W i
O —
arcs interseching path
C, with r dependent oni
T b4 % .
Define W (ai) = %57 ¥j.° .. ¥j, , where 4ne exponents Qre determined by the sign O intersechion
-t -t
€.9. in example, WCa):= ¥ %, ¥, Y need +v check Signs.
We need to check that  ¥(Qi)  does not depend sn choice Of path Ci kv os. But this 1S given by the  Wirkinger

for  example , ><j /j
vs§

X YTV

which

relation .

is



Changing  the path does no+ Change  definition of ©. We can check the Dehn relation Q@+ G crossing

Plaa™) = ¥ = P(agay')

Exerase © Check @ and ¥ are inverse maps.
Prot ¢hat M (E,) * Goenn. *

?
Siep 2. tet V(Dgraph) be 0 union of bally OGwund vertices, and D X € around edge €

e 9.
Remember our diagram lies oa st
ngp\n
V(Dsmph)
define  Ep = S?\Int(V(Dgam) . Tnen EoNS', $*. plane of the diagram, = DoV.. - UDnu @ wunicn o discs,
one for each cegion, ond Do ** infinite regon.
my dmwiry.' ’
o OO OO
Pgrapn
Consider Eo 0(s3\V(s?)) = g3, vel
Picture:
3
Dt s'
s? T™HIS 5 where  {he o\iugmm es
'Y
" (34
3
So Ep X B Vpdap- B- IS o handliebody which |ooks like

8% remember 4his
is  solid!

So ;°~yS'

€.9. 4the hondliebody deformavion retracks gnto
wis red gmph , Which then deformation ctirach

A @ ~ @ (squash es)

fo a bouquet of n circles-




Hence M (Eo) > (G, & Y is @ free group with generatscs Qi ) where Hhe O Qre loops on the Qgaph:

e.9.

Butr thete a; are exatily +he Dehn generators .

Step 2:  look near a crssing.

6;
Dgraph Note thot 8>\ (8’0 Dgraph ) Strong  defomation  retracts to s*\ (sta Dgraph) ( rudiau_-, project from
ongin (= centre of mn:..g)\

Now Consider @ region of the knot:

—
MN————]

. . Bi Then B8y \(Brow) sdr o 9B4\ (38 NN)

8 omeo

} \ , /-(—he ved region
7 So B>\ (B2AK) sdr 4o S*\(S?AR)V 2 cen
82

—
~———

So EL v g in 1 -cells , one for each cross:ng‘

% m(e) > WM(E) /L 3V, where € is the *h 2cel. whas does this boundary loos  like? Loohing down into +he  Con:
a,

0 ae;
ay
as
The Dehn relator 8 %027 a3 a¥™' ,  which geometnically looks like

which is  exactly




slet

Ambient Lsotopy:

Definition: Suppose  No, Ny CM are  smooth Submanitelds . Wwe say No Ond Ny are  Qwbient isstopic iF theres a
diffeomorpnism £: M> M such +hat

1)  $(Ne) =N,

) kv idm

£ £: M\No = M\ N,

Ambient isvtopy D  iserepy:

let io: No B M be the inclusion, and &1 2 Ne O M ; @iz Fele . Then Qo (No)= No, () (N)=N, and F~idm,
So foio ™~ io ) 1€ W viTe .

Theorem:  f N is & compact wmanipld 0Ond o, N a™M are isotopic ,4hen  No = Lo(N) is ambient ispwpic #o Ny = tu(w).

i-e. sotopy (.s ¢ (ompact manifld ) 2  ambient 1sotepy.

Lemma:  Suppose NC M is & Smootw  Submanifold, and v € FCTN) is a vector field on N. Then 3 VE T(TM) with \J|N=".

[I-W = Riemannian wetdic chosen o define disc bundie on Vaym
proof: Led j: D:= D(Umm) “ M be q  4upuar neighbourhood  of N.  Choose a  splitving T = w* (In) © WY (Wwwm),
where D AN % ine prjection.  Define Ve () by Q\W : 9(\\wu) M (V]amw) € TECTN) C w*(TD),

where P'. Co,\} = (o, I], P(x) 0o it w9 3"4, =1 it x ¢y
Now define N|, : = dj(c"") i€ w= :)(W) , and 0 x € 1m(j).

Pickure -

scale down towards boundavy

A
Proot of Theorem: Suppose F:NxT = N is 4he istdopy, shen F : NXI = MXTI is an embeddiag, (%,4) v ( Blxb), ¢).
a " Ar 9 _d_t
Let N = imTF. Comsider o yector #ield Vv € T(Tm, v = d?(ﬁ) , e Vieeuee) (ue (%, t) AN ETMB TL = T(Mx1)

By lemma, v extends 4 VE T(Mx1) Vl(,,n : ([ Volem), £(pe)) i TM @ TI, where Vo (pt) is a time -dependent
d d de
veCtor Field on M. So let & : MxI M be the flow of V, 5o :Ttl(m) = Vo(pt) and Fl(;(,,;),q *av [(r.(a.t\.t).

By uniqueness of  selutions 4o ODE's, élux, = F, so ® s an ambiens isotpy  between No = F(N,0) and N, = FIN)Y).

]

Comllary:  IF s, i N <> M are isetopic , and N,:*= imCjg) ; Jed D(VMp) O M s a dubuiar neighbourhood,

then No is ambient isodopic to N,

proof: No and N, OGre ambient isodopic  via £:M M. D Jov o3 is a 4ubular neighhour hood. By  uniqueness of

]

fubular  neighbourhosd ®  Fe o “I 3 Jo v ) P image of Jo is ambient isowpic 4o j,

LY
Corollany: i Le,L,: U s'ess® ace isotopic and )o, j, Qre fubular nhoods ¢ Lo, L, , dhen
S3\vim(p) T s \im(j) |:|

up fo ovientation preserving
diffeomorphism.



Comllany:  unknet %; T(2,3) (trefail)
M CEreun) = $¥LTl 3030 2 V20 T2) | Thig nonabelian since
= m( W

N(Eray) FU =

s

and

Eu s‘xb" m(€u) =T
Tar (23). So

proof:
@ was a surjective map  TC Erem) 2%, ¥V, - O,
Remark: 1M, ( Eran) = <y | x2=y?>
2.4) Alexander Polynomial
consider twe abelianitation wap [-1: W, (Ex) = H(Ex) T 7. Then Kkerl-l £ W(Ex).
connected ~
T, Ex  with

Let K CS® be a gnot, and
between  tovering
Bur  ker (-l s @
¥ Ho(Ex) > 7,

theve's a covering Space p

Covering with  deck  group

Spaces and subgroups,
Ex 3 a normal

89 the corcespondence
normal subgroup,  §°

1, ( €l = kerl-l.

Goeck = W(Ex)/ Kerl-|

Er s twe iafinite cyclic cover of Ek.

Definition:
w: ababta e

Fact: Eqvce,mn M X , a el Compiex with \ o-cev g, 2 \-cells a,b, and | 2-cell akached along

exlerior of 1(2,3)

A~ wmeans  lhomotopic
b

so 1, (xX) = Caolwd = ny(Ey).

(o0,0)
_—

c*u“U‘) - )
PZR%) <p >

Lwd
dazp-pzo
dazp-p 2o

we  have that

dwzatbta-b-a-b: a-b

¢ e:D" = X is a cel, then T (D)=, s e

- 'Y
ond G opeck = & = <t7) acs Preely Ond transikvely 0n Sed ofF \ifis

Since D' is  Simply - connected, and Ex is path Comnected , then +here awag exsts  such a \ift.
[ ] [ ] [ ) [ ]
-l ~ ~
t7-p ] 4P <op
~ ~ \a\ o -~ ~ - (L) I
G(e) =P . Then GV = t .5 =tP . Similarly bled=p, bHl):= 1t .p

& lifs  oF & wim
(1al = abetianization o a)

Let & be the
L choose  base points.



Pitkure of Ocvion of Gpeck

Let & be 4he WP of w with W= P, 4hen  w= ababra'b! > E():=P:p

Then G (X) 5 0 module over R = T (Goe) = L] = L (tY)

Looks  like W (X) - R —/m ReR — R
RS <& ,8? £e?

ad = tp-P

=-Ve

d4n a4 b 44l -4%p -tad -b
altt-ts) —F(t¥-¢ev)
: (@ =) (-t 4).

13lo2

Recan kcCs?® a kno Infinive cyclic cover P € - €Ex

with  Deck grup Goeex * U \-\|(En),
say = L), ¢: €, = Ey

o diffeo-

Definition: +hwe  Alexander module of K is  A(KR) = H(Ex)

as & module over R= LUH(EQ)] = Tlz) + 2Le*)
where 4 = ().

Ex. a) K= QU  then Ep : s'x o', s € - lRXDll A(K)= H.(E&):O

b) K= T(2,3), then Ep™X%X, with
GMCR) = w [f:—;?‘:]KOR [T—-»J R
d -
But kerdi: <(L,-DY, and imdy = {42ty 4e1)) o
AR . w(E) s MO en(d2)

ue

Clet-e4, —ttae-1))

e

R/( t-e4) ¥ 0.
Hence Eu * Eqcan .

Remark: if & is the mirror of K,

then there is an ovientation reversing
= €g

is orientation - reversing diffeomorphic  to Ex . Bub  the alboe
m(Ex) and Ak arRk twe. ® T, (Ex): W(E) , A(K) = ACK).

diffeomorphism  that  tanes (s3,k) = (s?, E)

shuff is insensitive  to odientation,  in  parviicular



Bw we Kknow T(23) % T(2,3) = T( '7'15)- (e.g- diffecent Jones polynomials)

Theorem (Gordon + Leuke) : if Ex is  orientation presenving  lhomeomorphic o Ek', then K “iK. That s 40

Say, Knots are cetermined by their oriented  (omplements.

= ET(:,;) does not have Qan orientation reversing homeomorphism. If i did, 4 would be o-p- homeomophic

‘o ET(z,;), So thai T(2,3) ~: '\’(1,3], a condradiction.

let A(Kk; ®) = W, (Ex; @), so MK, R) 4 q modute over A& * QCt*). Bw R@ is a P I.D.
Notice that €k >~ Xr, which is a cell mplex with | 0-cel, n 1-cells, and n-1  2-cels.

This is fom the proof  thar  we gave  that  Gipenn = T (E) ( buitt some ‘\nandlebady which 15 o a wedge
of ciccles and then  anach  Some 2- cells ¢ ).

~ ~

2 Bk ~ Xe which is a cell Cemplex with  celis ve , €M, and € o ceh of X.
Cl(R) : g™ — RN — R
1 Fin’wely generated over R 9 Hy (Ex) @) s finirely generared  over R.
(

Structure Theorem Ffor  finitely genemred  modules over a P.I.D: (line  stwc. +hm. &r §.9. 0-9)

2 W€ @) * R@* 0 (Ra/p @ @ Ra/p)
Ra \

free Torsion
Lemma: H, (Ev. 1 @) is a Torsien module over R G.. (no free part)
Qn " Aol >
proof : we Can cecover Ca (%) by sSeiting t=(-  Rlgebraically, ¥ws says C.““(M) T o (Xe) Brg Mt
Ra
where Mgt = 0 Jg-) |

By uct, He (Xe3@) Y Ha(¥@) ® Meu @ T (Moo (K@) L Men
/4 |

W
He(Er Q) * @ A 8

Consider Ho( X2;i®) = @ gince Xe s Connected

"

r@
/te-0) “ @ acs by identity H(Ex) X7 so UcT = Wi(Ee,R) T @
M-y

(T4

So when %=1, B '\'of(l‘\o(i'F;Q)l ng\ 2 Tor(Me-t, Mest) = Me=t *@ . S0 we have
B 8

Q@ H,CEr @) 2 M (Xs@) 2 B (Xeh@) @Mt @ Tor (M, (%5 @), Men)
® ® ©)

@ comes fom H(ECIT) T, and So by uct, > W(Ee;®) : @.
@ sine €x > Re, where Ye is our cell complex description
@ From qbove, ucT.
1 > .
Y (Xes@) @M @ Q@

S k= Hl(qg';Q)QN{-\ 0o, H.(Qn'.Q\ mas no Free pard:

Can +hen oxtend this resud  +o higher degrees +o see that ony He ( )?‘,Gl) has no free park. |:|



. R@
A Consequence : Ak, @) Ra/fp ©...@ /o, i a Torsion  wodule.
Define e  Alexander polynomial

r
A1) = Tie e Re

[}

© be e “order" of A(K). This is well -defined up 4o multiplication by units in R@, i.e. up 4o wultipication by
ct', where CE@, i cT.

Example: ° Au(f) ~ (take RLI)’ o'm°d“‘e)
* A'[(-l,g) (e) ~ "’.z‘t +1

where £~9 means ¢ = Ug where W is @ unit

7.5 Tibred Knots

Definition: O Smooth manifold M fores over S' (€ there's a4 Submersion £: M- S (eve oink 1S ceau\ar),
v P 9

D ( Enresman Fibration dwm) M is @  (ocally kriviat  fibre bundie  over S' with  fibre T = (D),

Suppose #hat M is @ smooh 3 - manifoud. In this case, all of e fipres 4°'(P) are diffeomorphic 4o some swiface 2,
ond there is a diffeomorpnism @:Z 3Z colled the monodwmy, and M+ ZxColl/~ | where (1) ~ (P(x),0),

Exercise: M fibres over ' D X(M):=o

so T Fibres over S', pu Tg does Mot ¢ g7

If M Qibres over s', then 1 wont 4o say that  H,(M) W) . Sine %(SY) = 1-1z0, =5 K(M)=x(s)=0.
Y y

Given M as abwe, consider W o i(wt)e"l*‘l | #n - P“‘3 (ﬁ s a Pibre yfbd\l-t.\')
~ ; of R and ™
M — R
L, Lo
M — g
a4  The wap f+ M- R 5 (xs8) ¥ 2 s a submersien since £ is.
®  The wap P am y o (k) e o ¥ o Covering wap with deck gwup L Siate  p i a coering Map
with  beck goup L.
Then w~

~ ~ . "
) 3 diFfeomorphism o: FXR = M  gince M is condractible (“"‘5 fibre bundle over a comractible base is tavial)
M —

33 a deck transformation  Pr M M5 (18 e (e )

Composition () ¥ (E) EM —> (a0,it) —s (x,t+1)

o . —
F — ¥x0c xR _,M_.." M= FxR

FX o}y > Fxyi

defines a wap Y. F = F which is called +he monodromy  of filoratien



N

- t ’ \
Then M= M/y = Fx oa/(‘?(x),l) ~ (x,9) Qo 9@ '7

Definition : k c S> is  Pibved i€ Ex  Pibres over 5+ IF so, 1 can choose a Jibration £ Ee =S such

that F = £7'(0) is connected (exercise)

If K is fibred, +hen we have o covering map Ex ™ Ex  with deck g roup 1L by +he constwckion

we jur  did- This  must  be +he infinite cydic cover, Sinte  the Only surjedive map N(ER) = T §s the

abelvani zation.
Soby ), Ex X FxR, ond S0 Hi(Ee) T WLF)

How does t ac? tX = P (X), e b H(F) = wlE) s given by & So as a module over Ra@,

M(E) = n(p @Ra /(%= @), Tn omer words, H(Ek) = coker(F4: Hi(F)® R@ = W (F) 8 Ra).

Bz (£1 -

Summary: if K is  fibred (e €Ex  pPibres over s'), we can  write €k ':z"“"]/'v, where

(i0) v (0(x, 1) ;and @ s the monodmms o5 above ( heve T:z fibre = F). Comsider +he map ¢ : ZXR 2 xR
given by Q(xt) = (@), 441). Then & generates a free, properly distoakivuous acion of W on I XWR. The set
Zx0lol] is a  pPundamental domain for the action of O, so (i"m)/d r @ Loy, ~ €, The quotient
map p: ZXR S EK iy a (Wen'ns map with Dech  group 2.  The coffeSPDndl'rj homomo rpuism M (Ex) =7

( comespondence for covering maps)  must  be +the abelionizalion wap, Siae any map Pactors through Hi(Ee) T

Hene p is the cydic infinive cover, and Wwe have imat:

Prop:  IF Ex Fibres over s' with monodromy £: 222 , then Enﬁi*rk. The ackion of +he

deck group i> Gemerated by +he map (xt) = (@), £4).

Corsllary:  (F Ex Ffibres over S' with monodromy £: £ > , then

Ax(t) ~ det (t1 - Px)

where e : Hl(I) = Hi(Z) s the homoOmorphism induced by the monodromy.

proof:  For +he isomorphism H.(E") > H(ZxR) 2w (2), khe map s A(Ee) - Hi(Ee) s given by
Ye: HAZ) = H(Z) . Henee i e, ..., €q is a basis foo W (Z) over 7 ( re member any orientable Surtace is

homotopic 0 Ty fu some 9, and W (39) > 1) the Wt"] -modute M, (Ex) will be gentrated by the ¢i,

with  relaions te; = Y, (&), T.e.
(k1 - %v)

U('-v -¢1)e; = 0. Se w( E\a) has  Square  presentation  matrix of ¥ne fum

Coohary: 1F K is a fipered Wnot, then Ax(t) is monic ond of degree 29, where gis the genus of ¢Ehe Fibre.



1.6 Torus knoks

Consider s® as sPcC®:= ¥ (aweg?: [21*+ 1w} Can als identidy S with R} via siereogmphic

projection  from (0/1). Twis identifies s'% o0 with  the unit cirde in  (x4) -plane  in R?

Define  T(min)  (the (min) -jomus knot) +o be  T(mm) = § (aw) o€ s® 2 ™ =W"}

L) I™M/a
TF so, we wave (27 +(wir =1 and 12l =wwl® 5o [zt (a) T ke F(R) s orrarett
iS @  monotonic  incensiag  funchion of r, So 3! ¢ with 11T 0 gsatisfying thete equavons. So  T(myn)
Wes on  te dorus 1 (W) €5 1rl=r oand  (wi? + 1311}
This  torus  looks  like
=0
B: 0
Solid tomus
¢
o ®Y Z
_>-> W =0 n s3 (é
@=q
Tlm/n)  lies on  here
wio LTS 4
Wreite X l’ell'l , Ww=sre ' , ¥wven Mme = AP (wod ).
Then  T(min) is a Lae with siepe  "/n , tq M= 2, p=3, then
NN
/’
? A s A -~
7/
¢
- mw_on . . .
The map F:Eqimuny >S5 given by f(ayw) = ¥ -w s a Submersion, sSo  T(m,n) js o Fibred knot.

1™ -w



In general, Tmn) has o diagram

™M  Sirands

L ists.
n m-\-w-ss

‘/m bwist kkt
M

For  example,  V(3¥):

Consider F: S\ min) — C\ios — s!

(¥:W) — '-l.“-w"‘

3
asn

check!
This wap is a Submersion , and  T(min) 5 fipred.

Plenty of other knois are fibred | o04q. Pigure 8 knok

2.2 Presentations

Definition: Suppose M is a module over O commutative ring R. Then M i Finitely presented it there's an

exact (114 P
sequence °—zR“—*R"‘—"—’M—>0

Ond this sequence is a presentarion oOfF M.

1 er= (0,.,1,...0) € R™ , then T(e),.., ®(em) are generators | gnd  P(e),.., P(RR) are relaNOnS  between

the  generators J/
M rows, h columns. Mop:o

m
Weite  P(e]) = Z PjR;. gay wxn matix () s a presentorion maatfix  Poc M.

Fack: IfF P qand P' are 4wo presentation  ymairices foc M, then they are relared by o sequence of elementany

operations and their nverses.

Denote  : Qenerators Qi w(ei), & rws
relavions ¢ = P(ej) .« columns
m .
Gwenerdl  idea: P(e_;)= ;z;, Pjei p, some coettidtr\:\s Pij . Now, applying the linear mMap T bo phe ‘relation’
. L . .
represented by P(e))  gives as U(P(ej\\= ;2,. pij m(ei) = E,"J" . Notice  #hat we're swmming down

the olumn.



Then twe wmoves are:
Moves :

D add a new generator Gmu and relarion: Gmet 0.
?o
P & (o |) = P'

The hew  mabix  has the same generatocs and relatons  coming hom P, but now we liave an added ene

% one  Ywore generavor (Rom one Mmaoe wrow) and the (ormspond-'ns added relaton

11'( ?'[emu» * T\'(Oe.+ oh'f----i-\emu) )
« »n

= W(em#) = amn =0-

‘kl' - .

2l add A new relation 0=0 .ot . gdH
P o— (" °)

3)  Replace a7 with ai + o a) for gome « eR

1
P > P, where you co an elementany ow operation

Prow ot p'is (% row or P) 4 - (i ow of P)
Pass through w: iF qou have plej) = P, & +-.. tPimem

The genml dea: the relations need 4o stay the same, ia the gemse that replacing A7 with aitw®) as a
generato/ does  waor  mean eg- AU tQi1=0 D la] +00)) ¢ Q=0 Lel's  ghink  about what happens when
we looh ar  #the  columns  of  the mavi¥-  Wwe'll use Stupid hotation, Sornu.

m
zZ Pij o

m .
Remare  tnat  T(p(e)) = n (2 e

= P‘j Oy +... + Pm' Owm =0
Replating  say Owr with ax+oag gives us for oM j:b---m

Pijais . *Pgjae 4o $Pyi0m Pyt +Pyj (et aag)s ... 4 Pr @m0

For this to bea relation , we'll need W) (Columns) to subtmet Pyl 8Q . This  becomes then

ALY $...% p.‘j(qn +dq¢)+_,, 4(ng —P.\jd) ag +..-+PmaGm =o0.

Clewh5 then the ¢'h pow is  then (1“‘ N\— N(j&vwl\-

W)  Replace i with  ritprj , PER
P ?" where " Golumn of P s iM olumn ot P+ [5J"" Glumn  of P
Relakion w(r) =0 anda Wit Pri)z wlr)+puCr) =0

This s pretty  much i mmediate

5) Mulliply WS + columns by units



wniversal fodonioiion prinipal ideal domain
domain !
Now Suppuse +hat R is a WFD (weaker than PID), If o, ,...,X% € R, +then +there 1s a gcd

9cd( o,..., @)  that s well defined up v muMiplication by a unit.

Definition : If P is an mn matix over o WFD R, let e(P) be the g (fdet (7)}) , over an 7 st ¥ is on

Mmxm  Subwmatex obtained by deleting cowumns of P if msn or 0 if m>n.

lemma: 1IF P and P' are related by an clementany Move, ¢hen  @olP) €o(P') , where ~ imeans equal up

™ wmultiplicaion by a wunit.

Shetch of pmof: TJust Check for each move using the fad +hat det i linear on rows and Columns  and fact that
ged (%,¥) ~9ed( X, Yy +uaX),

Eg: odding rows and lumns , may not oways be Case  Haab you get €9. both Columns i and j in she mxm

Submateix ,  bur  4were will e Onoher  Swbmalrix with the  (olumn  that  wos added . Then +taking the QU and using

te a3y obserwation above, the gtd remains  the same.

Debinition : If M is a finitely  presented modute over @ UW R, et eo(M) = @o(P), where P ig any presentation

matrix  0F M . Then the lemma exacty says that +his i well - defined.

Example: IE A is a PID, tmen eo(M) = order (M) jf M is Torsion, or O obtherwise.

pf:  Choxe a presentation matrix in  Smith - normal  form.

1.4 Mubkivariable  Alexander Polynomial

3

Suppose  Lcs® i3 @ link with n Components.

Definition: ~ The universal abelian (over P: E — EL  is the (omnected (overing Space  given by the hernel of +he

abe lianisation wap I+ | + W(EL) = H(EL) = & my,...,mad ¥ ",

€, has Goek * MCE) 2 L, so Hi(E) is o modwe over W[WC(EA] = m(W"] > AL, '] =2 R,

Recall thai the Deck grup of the (onnected (overing space corresponding to  +he Subgroup kerl-1 ¢ Wi(EL)
is  given by ﬂ.(E.,)/ke'I.‘_ But this is precisely H(E) ( togline: H(EL) is the abelianiaation of TI(EL)

Sv ACt,,..tn) is a ufd > Re is a WED.

Definition * 4he wmultivariable  Aexander polynomial A = o (w,(E)) e Ri, well defined up to wulkiplication by
A unit in RL : t oMokt |

remember this wmeans e fiad
Example : W, (Eqa,yn) 2 Ryp/(et-tt) Q presentation foc K, (EL), and

then Ony  preseniation mabax,
2 A(1(23) A P -th



2.9.

Fox Colomus
Suppose X is a ceWw compex with 1 o-ceW P, 1 -cews ay,..., Gm, and n  2-cews atrached along
Wy WM, words  in 4he QO 's.
K
Van hompen s (%) = <4y, am I wiyee e wad ,and KXY = 77 @ T, Tis torsion.  Define
H (%) := |'\|(X\ ~ K
/o YU
We have +he abehanixatisa  map  giving a  homomorphism
v
—_ ALk
Vom0 2 R ™ u(x) /A
surjective.
ler 9 X X pe +ne Coverlag  wop  Corresponding 4o Ker -l  Then Gpect 2 L" . Then X wil
be a cell Complex , Cells are of sne form 55, where g € Gopeck , Oond € S a [ift of o cet € based
a p  (prefered L+ o p (0-cen)).
Since cells in X ore (ifxs of cells in X, the boundany operator in c.."“ ) Commutes with +the action of
-~ — ~ k3
Goeck. So  Co " (X) i a chain comprex Over Rx = Z[ u(x) ¥ WL %) =7 [int‘,---.tu‘]_
cen o~ " d2 ~ ay
Then Co (X)) Ry —m — R —2 e
- A - —
<ayd <aid> <v> remember Goeck ¥ L* > (X
which it genevaved by | ail
Wnat ore Jhese bounday maps?
d.) Q; starts ar 7 and ends at \ai\f
s g (@)= (lasl-)?
So d, has  mwateix grail -t lami-1] (v xm) maverix
n Ax " [ .
d2) dy: Ry — Ry | where Ax = da; w,] , where daiw is the go-called Fox derivavive, given by
s T, r 4 LY L1} —_
dq; (T‘ al" ) = r-Z ‘a.'l “qigq ‘ da;(qik ) € 7L[H|(X\]
(XY =1
.. . “la-"" . -
ond dai(9)) = Vois) doi(a;™") = ? 1 YoM U
(] otherwise [} oherwise.
Proof: do; (wj) Counts  segments of W;j ihar fun along 35; , 9 € Goe. As we walk along
G‘, , Segmemds we pass over correspond to the  lif-s  of  the generators  in W, we first  pick  our +hose
thar ~n over ga: >  oappearances of aiinw- Lifl of @i comesponding do daip 1S exavly lot) Q5 -
The Lfi corresponding to Na;"p is Slellai™ ay .
n o Ax m da: W) .
de * Ry —> Ry n relations, v 3enmtvls- So  nXM  pahiy, a: i, yetmm) . The P"Iﬂ da; Wj Kind
of couns +¢he Change along a; of wjls boundary jn 4he

da; (n “‘:‘)

Kzl

ifs, o that manes any gense. I think it does- loh at +he eqn:

Z 1a:t.a

k=1

a,_.:"\ da;( q;:‘)

o word W






lemma: da; lww') = do; w+ [widg, w' (Leibniz  wate)

pmo(: almost  follows Hrom definition, but should check da; (““‘)(m-‘r') s da'.“p
*dg o (a;a7)p
flows fom de; aia; ™= 1+ lal(-1037) = q-azo

Example.  1: T, (X} = <a,,82 | a,a2 actat?
iee X7 Tll x ~ € T(2,2)

Abelianize 0, (%): Gy +Qy - @, =Gy =0

D j) = LD >t , where lail = &

) : ‘ )
Then X
l-.'-x\.
~
. Ly Lk P
4L.p
ax w 4,0
vemember || s a
. Y. homomorph'lsm
F a, t|P W&
da,w: dq|(°|°1°|.‘0;l) : I - l a.ﬂ:a."\ : - ke
da-,_w= d'l(u‘atu"‘a;‘\ < la|\ - ‘Q|anl-lal-‘\" L, -1
-t
(L) e w-
C cen R _: V-t
So . — — R ,  +hen d'=0 Since feo-v taa] [0.‘-| l =0

Example 2: recal S scefoil

1

- - - -t .
. N (XY= ¢ a,,0 ,a3 | 07" a,a,0, , Ov 03020, > (wmmger presenmmn\

3
é Anelianie: \aul, \aqd, lay)

(o]t lari#ay ol =0 |a=tzlay |

@, 14a3( «law 23i-0 \ai =3

Hence WXy = 7L generated by t= |al = laul = lasl.

Then Ax =| t7' =1 -t
't-l \
\ V-

Check  that d*=o



210 Giroup Presentations

Suppose G: <ay,.8m [ wi,ywad  jga finirely presented group
— —~ >
4

To  +the presentation P, we associate a 2- compiex Yp G befere : | -Cells &> Al q-cens > wi.

Let Ap = Axp be the  Awxander madrix

Tierae wmoves are elementary Wnoves on presentations: preserve  isomorphism  type of the group
1) oadd a new generater Am+r , Wmn 7 AQm+r
P' = {ai,...,0m, Qm# | Wi y.o0, Wa, Amh »

Apr = [A: :]

) pdd a trivie  celation
'

t

P' s {0y, ..., am I wy,eee, Wn , ¢>
A'. B [A? 0]

3)  Mulliply  one relation by anckher

p' = <ay,...,0m | Wy, e, Wi W wa Y
1wt X
Let wioT Wi y#i
“’)' : wWywi
Note bnot g, wi T dg,w, t \wildg wj

day wi + day w;j
Soe M (ol of PAp 1S the f *')“‘ col- of Ap
¢) Replace  wj by w;' = aiwja;’
daw (wy') = lail dax(wj)
S muliply 4he ™ oumn o Ap by (4l (a unit) to ger  Ap'.

Theorem ( Tietze) ¢ P and P' are  presentations of issmorphic groups, +hen we can get from P4 P' by a

sequence of  Tietze moves.

Definition: if P is a group preseniarion  with m generators and N relations, lek

- . nyn
AP) = e(Ap)= ged [detA | A is an (m-l)%(m*))

submatrix  of Ap



Thm: ¢ P and P' are related by Tietre wmoves,  then Alp) ~ A(S).
idea of proof : check effect of operations | 4o 4 on € (Ap) (up o a unit).

So if Giis a finnely presented group , detine A(®) = a(P) where P is a presentation of G, to be +he

Wulkivari able Alexander  polynomiat.

NeXA  time: 4(L) = A(m(EW).
Example: G = M Exan) = € ayaa,a | 2Maesalt, atazanayt)
Found that ﬁp = 7= -4

_t" |

\ -

Check +hat QU 3 determinanks (up to % by unit) are  t*-t +u ~ 8 (T(23)

Example: take L= T(24)

Then can show  (example sheet) () = <Caa. larazaiaz0y"a o ey

(Sind  wirt . presentation and simplify)

Abelianize ° [ (a.‘ ) ‘QL‘ \ \Q\\“’ la.\ ¢ \a) ¢ \01.\ - lﬂ\\' \a2| -\a,\ “\Qt‘j = < \ql\;\“1\> = <£|1t1>
With M, 2%, mz = &, = By [ El) X<mi,mD
- t -
dow 4| U TR (O +teka) (1= t2)
Compute Ap = da, w ] i 2 :
AT T e O (14tatka) ( &-1)
o ged: Ve itz AW ~ Vit
Qq\ w
Note: d¥ =0 Says  exaclly (tn", te-1) ( e\q‘w) =0
Now suppose P Wos one  moe  genmerator than  relator  (ie. n=m-)

(9. P: Goenn, o P= Giwier (it you muliply all +he relations 4ogether  you get 1, So dependent , so can 4o

one relation).
Then A(G) = ged ( ded Ap,“'.), where  ApY is Ap itk  the i vow deleted.

Proposition : (1ajy -\) der Apt ~ (@il -1) aer ARY -

A\ X}

prook : Rp : [ VM]

. ce\w ~ . -
Since A%z 0 in C (F,), then Z‘_(\c.\-l)v. =0 | since 9 S TR IS TRUR P pey We Jusr  Compute



- E - v -
s " ;!
¢ det ' det — 2
. - < —_—N = . "
(il <1) der Ap,3 = det . e : A det (lail-1) des Ae,j .
(1aia .,|) vi - Shag 1) v using remark -(\a;\=v)v;
‘J: : from above . [N
m ° . det is  Waear
. N m Vm in o> D
A6
- —
EQuivalem-h,, det Api n det APy N (tail =1) gcd (der Rpi) = oder Ap?
la;l -1 las\ -1 where o« = ged (1Qil-1,. ., laml-1).
Exercise : o = t-1 it W,(Xe) T (one variable eoly. ring)  (LLI=1)
| it u ) >t k>l ( more than one  Component fink)
€9 if (ay...,.am) generare T , +hen gcd( tq'-l,..., £™ ) zt- ( case 1)

But 9ed C %,-\, x2-1) = | ( case 2)

Corollany : (1ail -1) A(0) ~ o det Ap, .

So 4o cCompute the alexander polynomiar, doat need to Iook aF all the determinants, Just need to 100k ot one of them,

and divide by right Factor-

Proposition: = Suppose K is a knob . Then A(EW) ~ e, (W (Ex)).
proot: Use P: Guirk . AN a;!'s are Conjugate , so lail= lajl =t.  Wence dy = (t-1 ... <17 and
Ker do = i (%), am) @ Zai = °S.

think he wmeans d,

deo
=

Consider the map Tim * Kerd, * projection on  ficsk  w-t  coords . Se

- Kerd, w R™
H'(EK\ : Imd:

im( ohp) im Ap,

s> e Hi(ER)) = det (Apa) ~ ACEW. []



2.1 - Seifert Genus

Recan if k o s? , @& Seifert curface of K s a  (ompact,

Dfn. it k oS a waer, it's seifert genus 9(K) = min{ 9(s) | S is

Proposition g(k) =0 & k=W
proof:  glu) =0  opviously.
_ the disk
® gkl =0, ler P: B> & s} pe a genus O Seifert surface.
B is the bal of radius t- Then ke is a hnob in S* with Ke ik
For  small €, ?'3,. ~ d‘elolgs. And im(d‘f\o) C a plone, So
Tdea: 1{f a knot is (ontained in e plane, then it must be e  unhnot. Kg
Must pe the wunknor by our remark.
-~ 3
Ew via Seifert Surfaces
let S be a Seifert surface OF K
lemma : VUs3s @5 trivial.
Rt
proof: a real line bundle ( dim Vs¥is = 3-2 =) ’; is trivial ifF L
is orientable » VUS3s is orientable. So W% trivial.
53 assumption of seCrion
homeo-
let v(S) be a closed tubular nhoud of S- By our lemma,  N(S) ¥ SxC-,
Cross sectional view : )|
.
K| e
] B °
=
v(s)
homeo
Then S~i s~ 5" so § E5 = SP\int(Ws), shen €5 ¥ Es' y Egu,
S- S+
Then Es = d3u(s) = Sx (D U‘asxfu-\l S x C-1,1) U‘as:ns Sx\
St
SR-1,0) S
S-
Which is the double of S: ‘
5.2 syxs
Hence  g( 3V(s)) = 2g(s).

connected, oriented

Surface § <> s? with 95 K.

a seifert surface of k}

/.'u a hnol
For t€ (0], et Ke=9@log, , where
=K via the sovopy ”a’\s: .

ke vik'C a plane 3 K =WU.

is isotopic do @ knov (ontained in a plane, which

is orientable . s?

Now and S

[]

i erientable,

.

>~

> Es Ex \ Es*

maype  Suppesed
o be  y(s')

"

(k)

Ex

(k)

Es'



boundag of  Hais  looks Wike

==

\was genus 19(.5) then.

Kind of liHe nwo copies
of s statked
inside gath evher

and  (ennesked Py an
annulus at Hhe bouadawy

which

sequence :

Pictiure to have in miad:
- thicken ¥ yptoa
. tubular awood
seifert surface
19(s)
lemma : Es is connected and M, (Es) ¥ T
proof:  write s3= Es Ugye V9 Magyer vietods
\D: 0
7‘15(9
P WU > W (oK Es) — M, (s) )70
2496 9] puuced 4o be)
Hol V() —s Ho( v(8)) @ Ho(Es) —s Ho(S3)
N u 1
y i 2 2 %

wanected

2 B is  comected (Ho(Es)T).
homeo
lemma : Ee > €5/~ where i+ (%) v (- (X) wher it :S
proo'?: ESI"' 4
K
L] sl

= St C 3v(s) are the inclusions.
cs‘ /"'
e /' where  i(%t) ~ i (x.tY)

. , .
1S XC-4,03 = § 5 inclusion.



claim: S® Y Es/v, where talz) ~ (L (1) Cav(9)  ore  +he inclusions

pf:  Tdea is  +har €y = Ce \ NG, Bu  Es ¥ Es! ™ Es” . (et's ook at  whar Yhese ook

sll sl’ s‘l

EK Es Esh

Se 1 bhink twe jdea is you con shrch up Es" ¢t wmake FEx:

59 " ]
1 11 q e sfens
I,

Es"

Now we teuld  equivalenlly go:

of « |AddAl e

YAAAAA

Ek
and squash  the Mbular weishwhood of S" onto 5 ¢ ie. E3f+ ¥ ‘K/"‘/ where cur new
relabion s L0 4) ~ L), ynere 1: y(s')= s'xCo) = St is the adusion

thiss  in facr hoveomorphic  to Ek. wey ¢ twat? | need to ask  Harley Lot he e,

;maﬁn‘nc Ws

like:



26/02

3 . .
Suppse K> s*, S is a  Seifert sudae  and  Es = ST W) BEs : S+ LIS x[-LIJUS
. ~ 4 = -L1Jus.
And  oenote Lt = S =» st .
Schemaiic  picture- S- S¢
D idea: Es  Gves inside S3,
0= 38 x(C-1,1])
Then Ee Y Es/~ . .
where i+ () ~1- (%) | Schemadically:

€

Mlss showed Hi(Es) = 2" where 9= g(s),

’

‘Pa‘ms a lw\s'ﬁvéf-

ta He goace oumioe
VO] Joantd -

hnd  ny WiMeN g P
stumu\hl
» lves laside
/
WhaoAS  afaid
L (WS

bty Ahead
0

bub () s ecattly K



Consider Y= Es xL/n  where (is(x), ) ~(ic(x), n41). This  space looks like

Es xo Esx!|

bwndars is realy Just S'XIK . Then T acts freely on N by k-(X,ﬂ) = (x,n+k) | Taking +he OQuotient,

VIu - Es/ivm~iox) > €y

Se prv)eaitm P-.‘i > Y/n > e ¥ a Covering  map with  Deck group .  Siace Hi(ER) is T, 4hee s only

one  such  (Overing map With DRk Qroup L, the infinite Cycic cover.  That is, Y Ex.

lemma : As a module over R= ZLH(E)] = 1w+ ,  Hi(Y) > coker( ti-w ":f"), Where

bhe maps Lty are the maps induced by it , (te: He (s)I®R — He (EsI®R
Tiieis - s and

- -

proof:  Cut Y up ino +two bits: Going to use MV- St € 3(u(s)) : (Es).
Es xo Es x|

let €~ {ne: =I'\5, O: Tncw:2ta) . Have P rv)ection map - W: Esxt =»

tet A:rm(EsxE) and B w(EsxO) . Then AULB =Y, and ANE Y Sx T

1
Mayer  Vietors : LT
— He(Sx1) — He(A) @ Us(B) — Ky (V)

We have +hat
e He(sxw) ¥ He(sDOR

* H+(N @ He(B) > Hy(Es)OR

SXU = AOB, whichn s really jusk the union of S and all the osher copies of S induced by the acion of Gipeck,
Goeck = <t'>  Hene, we ave by Kunneth ( maybe?) e SxUD) T He(s)® R.

To see e second one , think about +he kl\owﬂﬁ diagram:

1% He(ts) L' ua (Es) e (Bs) -

Es xo Es x|

£7h4C) ) Lt (s) £ Ha(s)

1 guess moyot fer 4his +hen we con  olro ceally juse  see that  Ha(5xT) ¥ Wy (Y@ R . T ok provably
Kinneth is needed to wnalle sense of this though, Sia®  actually its a tensor over neel'], no just L. Magbe?



Then MV becomes .
iy —Ltex

H(DHOR — | (&) 6K —’Dv)

Gﬂex —tise clvx , yocEs) BR

&=\
nek = R R : 208

(novice Es and § connected H Ho () = Mo (Es) = 7.

The Fadr that he wmote iav-iBs is Wind of stupid, but makes sense when you  3ee  hat \-\‘(sx'lL) <~ Hils) ®R,

and twat  He (A @ He(8) ¥ He(Es) ®R. The idea is 4hav  we can think aboutr how #ney include.

(ne - Cee IS then  ti-x - iex

This  map R — R s injeddive,  and so H(Y) —  Ho(S) &R must be 4he 2P map. So +nis  says +hat
H(Y) = comer ( ti.y - i4x).

B
Recalt Cokemel o f: A % = ’1m(4‘). NOw  the MV gsequente  og Comes

& B
m(sYorR — WEs) er —» W) —s o o bi-x - 4%

(Es)OR Hi(eD @R

Fist ise Says  4hal o) M e /kerp ¥ /Im(oc) =t coker (a).

-

Theorem (Seiferd) : it Kk is a knot,  +hen deg(AKt) ¢ 29(K). , wnere degax(e) is +he olifference

between the lowest and  highest powers of t-

proof : if S s a seifert surface & K, then H,( Ex)

(7]

coker (ti-+ = liw).

)

Comer ( £A - - A4), The maps L-x and {44

have no ¢t in  them.

Where A + . “, (s ’ 'IL) —> H, ( Es) ove 13(5) X la(’) matrices, with entries in L.

b Ak PO A
Denote : B:= tA- = Ae.  Then B is a 9x 29 matix  whose  entries ace linear polynomials i ¢-
Hence Ar (&) ~ det(B) is & povy of degree ¢ 29.
8
We  have 0 = H(NOF =™ H(Es)OrR — W) —»

5 o presentation foc  HiY) as an R
module, R = AT H(EN > <™. pnd 0 Ax(t) ~ eocp + det (B)

sSquare | sy no cols to delete

]

The degree of Ag(e) € 29(s).  Twis is tue HKr any s, se deg Ak () ¢ 29(K).

2 Seiferds alg. alwoy gwes yos minimal  one atmally.
Remark: 29(K) = deg ax(t) if K is ahemating ©oc if k Wwas ¢\o  Crossings.

But nor always tme , eg  Knots onthe gates of CMS  ave Alkxander polynomial Agl(e): | = aw,
but g(kd=2 and g(Fk2)=3.



Fibred Knots
Suppose  Ex fibres over S' with Connected fibre F

Lemma: F s a  Seifert surface for K.

poof:  Ex : F X Cod /2, where (9,0 ~ (2 and @: F3F  (yia ihe Wonodromy) .

33 hspo\he_ﬁs, FxCo1l js Connected. Fix 0 €F and chose a path T  Hom (®0),0) &  (20,1).

FxTo)

/ h
P(xe)

Then T closes o give a loop in Ek:

and (31-F =1 > F generates Wo ( Er, €k)

2UL D Fis a seifert surface.

Cordllany :  g(k) = g(F)

24(¥) 2 29(¥)

\ "
proof: Au(t) * der(Us -tT) , where Py : WIF) = H(F) s an iso since @ is a diffeo. Se
deg( det ( ‘¢ -¢1))  has degree  29(F) (ihink about maerix) , so  29(F) ¢ 29(K) , bur F is

a Seiferr Surface. So actually 2g(F) = 2g(K).

Corollany : W ORs £bred, then  Axk(t) is monic (highest power of & has coefficient 1) .

This is  if i€ K is akernating o K has €10 Crossings. \
always bwe foe a chamkenskic

pdlammia\. (ike dg\r("h -1.1\



3. knots and 3 % % maniflds

3.1 Handle bodies

big Smalt
befinition: an n- dimensioaal k - handle i pk x p"*.
D¥ X $03 is +he coce
fo3x D" s ine cocore
S*' x %o} is called the ataching spmere
n-k-\
o x S s caled the belt sphere
And  3Hat: D% x D" Ui e D5 x 3D™"
-— —
9A Hn‘ USI--l wsmE -ae “"F
_
Pictures Hfr n=3: cocore
k=2
K=o0: core
[cocore
k=3:
K=1l: (\ L)
J \J {
Core
Basic fack: iF M is a Smosth n-manibld, Wwith boundany, and j: PA Ha* <5 OM is an  embedding, +hen MUj Hak =:M(j)
i & Smookh n- manifold  with boundaw.
nondte
Pitiure: /
Im()) = otaching region
M
3 .
lemma: 9a Ha" 0 D" xTe} s a stmng  deformation retract of Ha*
picture - S | ¢
- Lo
S -
A -~
. [T .
lemma  implies MO s D is @ Stong dehrmation retrmck of M Uj Ha*  ( theyve homotopy  equivaient spaces),

——
atraching sphece



Comparing  Cell
Cell  Cowpiexes
$: 5" - x
X(8) = X Yy 0" odd a K-cel
fo, £, SH x| dens,
= x(f) > X(A)

X i & fisite n-dim. cell -complex rel

X1 CX if there qre Subsets
X-1C Xo ©X)Coet X =X

Such that

X ' xy.-| (F), where
L1
SF‘\ —_ x

F,:u

Nk
X’.q UF U DK

Ie.

altach a (-cell.

E.9.

Complexes and handle bodies

Handle bodies
:,: dHat > M
o A . 3
M)z MY et M Ujlgr-1 o8 O
lemma:  jo,j. : 94 Hn* @ IM wun Jo i J , ‘hen

MGe) L M.

pf: Isotopy » ambient isotopy . So 3 €:M->M q diffeo wirh  Pojo =]

Then define @ : M(jo) = M())

Definition:

is a Closed

Mk = M- (), wheee T

LEM —a P(n)
H(Hukkﬁ Y
rel

n- manifold M is a  handlebedy

m - dimensional submanifld  with  boundany)

My C Mo €M, C--.

Nk
[ ) “n& s M

Clearly tontinuous, and

acvally a diffeoe [
M., ©M (where M-y
i there 8 a Ssequence

= Mﬂ =M + where

(attach ne k- handles at ont

Mk means  the space with an (¢ K) - handles akached
Bﬂ induction, easy to see that M, Xg, where Xegis a Cell Lomplex )
rel M., ) with kK - handles &> ¢ -celis.
‘ . .
Slogan: ( Morse - Swale) |all smooth manifolds are givided info wandles “
(5 mooth )
Definition: IF N, N' are (n-1)- maniflds  without boundaw, o (opordism
MmN is a smooth n- manifeld M with a diffeomorpnism
9: oM —/ - NuN'
MI
" 9. nNxCo): NN
N
Theorem  ( Morse/ gmale):
1f M. N=>N' is a cobordism, then M is a handlebody rel

W2 Nk (0,2 (N wundowy so

an handles are attached on N

normal bundle %rvial). Moreover,

x T boyndary.

AV
L il

NX Co,t)

proved using Morse  +weony:  choo Q
with fly=s0 , PRlyr = 1. Then

index K
critical point

&>

Mmorse  fundion f: M = (o],

k - handle



Chain Complex fo¢ Cells vs. WHandles

Cellwar Chain Complex -

celh
-

T¢ Xis a cell complex rel X-., , then He(X, X4) ¥ W (X,X—-), where Ck““(\hX--) is generated oy

\
e..,...,e"nlt , +the K-cells of X rel X.. Then

) ke
d?;k s Z n; e)
J

/numing wop of @5

L]
wWhere 03 ' are found by: s¥-! —"", Xg-t — X"'/x;.; >\ s
A~
k-l cells of X
. . o
Then "iJ : d83 'p.IJ . resuling wap /

s¥ -l

Cell Complex of a Handlevody

Suppose M is a handlevody rel M.,. Then M~X a cell (omplex rel M-, so

Ha (M, M) Y He (X, M)y B (x, ma

Question: what is C*w' (x, Ma)?

® \ S
7 Haaiooo W, ne

\
(‘,;"‘ (% M-) s generator s k“.,..., “"‘\: Cowesponding to the k-handles of M rel M-i. Buwl ihe boundary maps?

K . '3 _ *- % hemeo
Led A = awaching spnere  of  Ha,; e A, = S"'x 3% c 34 Hap - of course, Ak, > g+ .
- - - -% L34
let B = bew sphece ot \-\"',.,‘J , ve. BY) = ox s C dgMay
(h-Ck 1)) =1
Rem: Al; . BJ."" C My . Mg = ¢gpoce with an  (¢k-\) - hoandles arvached

So MY 5" Ccomu., (Mka 5 an (n-1) - manifeld)
Bjkd'} s ¢ amia
A tionswesse intersection > dim( A;* o 8 = o
By dimension reasons ((k=1) t(n-¥) = n-1) |, dhey genevically  intersect in piab  and have a well defined .‘m-em;tﬂm

K k-t

J ekt 3
lemma: dh;* = Z Ni hj ) Wwhere n' = A;° B; (intersection number in M)

k . . -
sketch of Proof (no signs) © A% is the image of the avaching map  £° i ST o M

The pictwre fmm we geris  (eg. fo 0z, k=2)

Soy MBS the Ok othing  cphere fr  the 2 - handle “3,7; )
A s and embeds inte  9M| , M, (s the union ot e 0Aginal
pace  with Qn 0 and | wondles.  Our  space M, A ihe pictuce
Hut iS a 0 -nondie ( ¥he genval ba\\) , Wwith 4two 4 -hondies H,,)
ond M,z . Their coes are given in blue, and +heir bett

spweres  in  ved-




AW of this  Shuff defwmation retratls onto  the fgure X collapsing o -handle 4o pant and d-hondles be #neir (ores:

(drawn i+ & bit clubby bu really 1 -dn)

Realty, the idea is t fdlow the evactt same prmess aS  for the cellular  (Bse.  So we're wnierested inthe degree of
the OHaching map of A ol ahis Sage - Mow do we  ompwit Hhis?  Well you lok ar a geredc pot p € VS', ond
cwund # of points i the preimage ff  p under she Orachwing map Fi . Te. n = #pts ia (ﬂ)-‘(?)’ 8,0 Act,

n

Cotore of M)

Have a map hom. equiv.
!

st — Mgy & My — YNy — X""/¥‘_z

Mot /(Nn-\ \ “n,;-‘)

. . )
Se n"-. B deg( P;J)
Can  factor +hese  Maps Qs a middle. s+
Hence “? : #{(‘;3)"(\») ¢ £ iransverse ok p.
Picture: [\
V Hj'.-‘
\
T SV--|
DU--l
fAnd o u‘ij)q(” = 87 () (P = cotore QY pzo
k-1
(at p=0) * A%
2 s tmnsverse A intenect Bg" trans versally. I:’



Cobordisms :

M © N SN' means 3 diffeo 9.9M — NUN', where N medns reversed ocitniarion on N. Then
M * NuRN', so Mt N' = N (orientarion reversal).
It Mo~ N = N' and M, :N' > N“, rwen 1  have MoMg: N = N"  here M, s Mo = Mo UN‘ M,
Pictuce
M; N >N [TV VAL

-“\Q“ My oeMg =
Exercise: (Mz 6 M() ° (No) ¥ MtO(M. OM.)

Surgevg

Definition: Suppose N is an (n-1) -manibld, and j daHe* N . Le+ N[J=N*T(jxl): nNx1 Uju Ha¥

Picture: NTj] looks Gike : . Basically NXT with hondie

““ Hn* altached on Nx 118,
m QAHnL 95“"1
NX $t3
NXT interval auns +his way
Nx§0§
Then  90j7:  Nxios U (N\iat(imy))) O g Ha®
J(shﬂxsg-h-l)
. e [ S
Hence N[J] is a cobocdism 4fom Nt N', where V' s (N\-M(-MJ))L: 35';n
:‘ 5"‘)(5"'"'
wWe say  N' it the result of gurgeny 0a N along . The  Coberdism  NCj]  is  called the trace of ine Surgewy
Ex: M=3: 1) qdd a (- handie,
3-cdim 2-handle. Twen ouiside ‘oundam is  Zgel , and  jaside bourdany

Idea: thihen up N =29, and to ouwide add a
s R Zg. s MIj): Tg > Tgn



2) odd a L-handle, N: Zuz',

Again using the image of thidkening up the 5P N- Tnside boundaw) is Bl TUZ',  bui oubide bondany
. |
i now Z#Z'. s we get @ cowomism N(j1: Zuz' o Z# T

3) odd a t wandle , N:= Ig

iy
Outer boundaw : gctays the same. TInner boundany [ooks like @ - @,i-e 294

Giet  Cobordism NGl : g = 294

Could also aHach i like:

Same shpiel = N(j): EHZ' — Tuz'.

S“-K -\
s

TN (N tiag) Uj(s'-'ysn-n--) A, shen '35 Hp® 5 N' s an embedding. Bw

diffeo

- - 2 n-K * n-k -k
H‘L < Dk b4 D“ « > D“ k% DK = Hnn ) ﬂ'\d ‘a“ l""l'L = aB H“ ) ﬂﬂd ‘;B H,\K‘. a“ “0‘“
So
J' . ?B Hn" — N'
¢ /
]
ta-k J
'.)Ann
A dfff!o_ A .
lemma : N'[J'] L Nfﬂ. ) Nt]]=N N , and NTj]: N SN So K]Cj] : NN,
Picture:

Miken \amv\dav_\j a bit.




A —
Poof: NCj] > N(j) U N'x1

Aiff heed o Aix
3 Nx1 v H," 5 Uu. N'xI the ddemtatians. really this is  Kind of jast handle cancellavion
1 think  blue
aff fixes
enee
Y NXIU( Hp o Uj N'x1)
aifl

"

Nx1 O NLj]

(et's draw a picture ¢po we can solidify what  surgerny really is. Artaching region sg-|xbn~t, and
bel+ fe‘]ion is DL* sh -t L e rhese ar@ n we and Mt respekitly S the  copodism
hos  bourdany components N and N', where W' i 4he  esull of  dolag  surgery on N We
the  (n-0 - dimensional mani o\d, abet v ¢ xpnt rakng e
back the wn-) -dim.  wanikid % x SI\-I. -\

ont
Closure and ‘hen 3\uw5

Okay sethe idea s as flows- we have our cdoodism NC)1: N N

/

N

Botom purple  oundamy s N, Ond  tp  green baundang is N/ . NoW  acwally, in blue we have <he
limage %) the boundavy JoHn* . Now, we thnk of  Hr® + W ME¥ ) Se et 9 Mt can  be

Wrow & o¢  }Ihne Au-achi\ﬂs f‘es\a\ Xof Hn“-l

- Now  we  vaint  about whar (n-'-l-surgen‘, docs
we Pin) thicken up N’

@\
Then we aktach in  the Hn“—'-' WZWande, and the rﬂm\'\'ir\ra manifeld 1>

=\

We see ‘there's 2 boundawy  (omponents - The  green,  whith iy ow oAgiaal N, ond rhe purple, Whit i
ovually  N. Let's  make  this  moee  fumal by lwkiag at Whav

Surgeny does to the bMdmj:

art st Hnw‘“],} s DM el e blue PN, Wlide  \eawRs  HuR  gaping
wounds | and  uR gluz  back ‘Jg,(l-lv\"'“)/ wiidn  looks LGHe DR s™TET i b vee

Scllw Pa.(h- The rveyul¥

[ -




Corollavy:  Suppose M: N >N' is a handlebody |, s0o M = M(ﬁ")" Mlr-t)eccom(l) i @ Composition of teaces

® ®

of surgeries with K - handles Hav o000 Ha , 1= izu N .
*n-

&

Then M: N Nis q handiebedy with (n-K)- handles Ha,; , dual to Ha, .
Theorem: f M: NN §s  a hondlebody of dimension N, then
Hel M,N) 2 g™ (M, NY)  and K5O M) 2 Haoe ()N

This 1S known as Poincaré -Eschetz  duality.
Proof: ( Will do with /2 coeffs, but works with U Coeffs (F M is orientable)
Consider Ha (MN; T,) \-\,.“u (M, N5 TL) , Where

C._““(M,N;‘IL,) = < hf,--u‘li;) (generared by K- handles) and dh: : jz"'-j h; , where

K-t

n'.j = A‘; . Bj (intersection number) in 9Mg-r.

On the other hand,  cConsidering  the dual handle decomposition, M :N' - N, we see +has

Hy (MONSHG) > w8 (N 1y,)

*
I -R a-% nek ! % A=k 4

wheee  C FU (M W) is gemerated vy KO WNYTL W T, win dbYTs 20 by ,  where
ag
an=-% LE T X Y] l) 4 n-% ~ ®
nytos Ay 0 By Wi = W

= T h-% " & n-w
But A(“mi) = B( Wa: ) , ond B8(Hn:) = A (H,; ) So n;j' T ony, e

eu N eelh . )

Cf(MN L) 5 dual 4 € e O ™MN'IT,) ) hene SeMorphic Ho Q(‘,“ (Mm,N ','1L1.) . |:|
N
¢ :' (™m,N 5 7,) is dual e chfz“ ™, N n2)

Remark : we have prved " weak Poincard duatity

n-«
Wy (MON) X H (m,NY) with L, (oefEs o with I coe€fs if M is Orientable.

Strong  Poincaré duality: for o fed F,
Vi R (N, ) AT OMONGE) ™ 3 (M, wun'F)
¢, TN

T W (MM EF) — IF

Is @ nonsingular paicing  for any Field I IF M i orientable -



3.2. The Seifert Matrix

Recall: ' if M :N > N' is o orientable , n-dim Cobordism , Jhen P-D. iso exisis Mapping

~ -k
PD: Helm, N) — H" (m,nY)
USeful special case: M ¢ — M , so any wmanidold i o cobordism fem the emply (n-1) - manikld to its boundan.

P.0: He( ™M,M) —> " ()
PD: He(M) —» W *%(m,5M)

Suppose k& S* is a  wnot, and SB35 a seifert surface of K. Then Ax(¢) ~der (AT -tAT'), where AY are

.o (s)
Matices representing the waps (et M) > w(Es) = 7"

lemma 1: A,(Es) » H'(S).

F)

74

HEs, 96s) 2 WE( s, u(s)) 2yt (909) 1 W'(s)
a) b) <) d)

Proof : H, (Es)

Q) s 0D

b) is  excision (remove interior of v(s))

gony & OS2, N9 v uE( 8y am(s)) ,v(s)\muu(s))\ 2 W3 (s, V)

) follows Hem LES of (s3, (s) since  W'(s*) = 42(s?) =o.

L6 looks  like 4 ; o 4
— A') = w'(A) = W (xA) = HYX) — W) —>-..
EOATO)E wis?) — u'(us)) — w*( s> ues)) — w(s?)
I n ]
L] 2 - o
X 3 by exackness

o RASLVGY) ¥ 7.

) s~ y(s) (homotopy equivatent)  : bubular nhood is tavia)  Remember oriantable + vank 1 (lise) bundle. |:|
Consider of: M, (€s) = H'(S) as in +he lemma:

Let «: §' P.D where P.D: H,(cs) - I-IZ(ES:DGS) ,and &'z deceb ,ig, S:iH'(s) = W €s,3€s)
IS  the tomposition

%
u'(s) “—» u'(v(s\) ———  J(S:, us)) ——— K{i(Es,6s)

Every group is free over U, so & is dual 4 9: Ha(Es,3E) —— H(S)  given by tne compesitinn
Wy (€, 36s) —> Ho( S, V(S)) — >y, (W(s) EEr— H.(s)
excisisn beundany in (s *

O surfaw, representing a homology Class.
It Ze»s®, azcs, wen 902,32) = [3Z) €n(s) by chasing  through maps.



IF xe Hl(Es) and g€ Hi(S) are represented by embedded circles  ( can always Qrange +his R clastes

lemma 2:
n H.\, +hen Co(x), 87 = gk(x,9) in S3.
proof: Calx),y> = < g'ePb(x),9Y = < PD(x), 37'(9)D
dual map
from above
Choose Z o 53, with 22 =y . Then 20g,22] =(32)=y, sv
boundaw of surface
= <wD(xy, [2,°21
= .2 intersection painag odual to  wp paring ewnar.
= Qk(wy) fom  Pist  example  sheet-
Since 9% =y,
via Poincaré duality
Bases: ler 3%, .-, *9) a basis of loops for  W(S) . ATnen $ ..., ‘113} the dual basis of u'(s)l
defined by <x', 4> = 85 Then Y00, 829), s () is a easis  of  W(Es).
9
lemma 3: TIf € H.(Es), Ahen % = ,Z Lk(2,%) ¥
(R )
poof:  o(®) € WS | 5o () s I Calw),m;> wi Verally juv fom how e derompose et poris
bs- (u_',u_\) = S‘]

o l—\l(Es) - ‘-\'(S\

So

Z ekl 3, xi) % by lemma 2

at (2 e8(rx))

ﬁ,g., cery 9;9 j.

Ls (.1.)_.Za..‘! . . ) . .
te( 5737 =y kan pasis o H(ES), ¢owe can surely  Wete  whalever xlgeh Mapped to a3

o (inear combinaion oF +he 9-,';.

(‘_on\lmy 8 a '.j

o gk sy, %)

pmo?: follows 53 putting

coefficients.

2= (1a(75) 9 lemma 3 and equabing

> x =
ToZ k(R , ) at (xY)
= T gwla, i)yt I:l
3 -3 .
A* = [a;°] be the matix of the map (44 * M) = W(Es) Wi ime bases 17y, %)

]



CormMary : a;)-’ = G_;;+, i-e. A = (A*)T
and aij* = Lk( s (35), %)

proof : G;)"' = gk( i-(x), x3) ,

of N(s) = Sx C-u,13

Sthematic  picture
SXC-y,1]

sx to3

C-(%)
The link L-(‘l_',)U'li cv(s) cs? g isotopic to  the JLnk ‘ljU'H-("‘;)
i4(2i)
Slt-‘,lJ
Y Sx to}
jur by shifing  enemening up.  Se  ap” * RO (), 20) = ekl (), %) = ajit I:’
Definition : A= A is the Seifert matrix of K determined b_l’ S and ?‘h,---,"‘zg\. Then
= det (M- ta").

Ae(t) + det ( AT - A7)

Examples: How to compute  Seifert matrix.

Keg example is ihwe N -twisted band k=2, S annulus
a= red curee ?
g
Then H, (3) = <=, % =S xj0%. \J
oriended paraliel to gach other
Then Lol o), 2) = K where k= Zk( 9,5, 2:5) = Lwi(p)
proof : () > s'x D", and 9.(5), 905) are two Sections of \ls3/x|unlt sphere  bundle That s,
$§ =scV, where s is the tolal  space of a settion of the wormal bundle.
key twing 40 dhink about here s dhat  v() » $'XDE, @ Solid toms. we can dhiak awout  3.(s) ond
22(8)  as  sechions o8  S(N(X)) | Ledon ore closed simple curves thet  lie on  4he baundaw  S'X .
Hence  our  swiface  lieS in 4he fubwlar  nelgnbournood  VC(X), a5 +he +toral space of a seckion

of the normal  dbundle.



Hence Lfci) and i-(") are SecCtions of \‘s/." Which oOre Perve'\diwa' o S (push above and below g)
D (+(W) are homeopie b0 A(S) and 22(s) respectively.  S©

gh( L, 2) = AK( 2:(5),)
= QKk( 3.(s), 29) = k. I:’

Example: Kk = tve trefil

T
Chosse basis for H(S) . Now S punchured toms T \fpt$, and H(T*\9pt}) > %, o we need t find wo
basis  loops. MOSt  Obvious choice:

vedlly 2 and x2 indesed ab midpotat of widdle band,

1
Weas §y, 2l , the  Seifert wmabix s [Ol].

Hence Lk (crl=d™) =1 | see since  v(®)C S, in purple below, i exadly a twised band with k1.

( fwo positive Crosings) . I.e. V(%) CS is @ 4wisted band.

Here's  wnot \ think g 30\‘.\9 on. W€ ook ol 4he Qv,( (), ) by wansidering @ localluy (dont \owe 4o e
ool  (Whie  sucface, S«m a N“:uun\vly htge hhood . Now e can toke i+ o be  Yae paple ms:u\ ) weaida s
acvally a4 4wistked  annuus  (k =1):

P

Prd sv  the dea s o an hometope 71| onto one of xhe boundawy  camponends, L up & ¢t qet e(), ond
ten  Ais guy 5 Wewotsp tn S? to dhe  OwY bamdaw  compened,  So LR (400, %) = g 9:05), Pels)) = ke

1n s pstance -



Similartly Qk( (+lx2),%2) =1.  To compure Lk( (t(xd,‘xz) . Now, ™ and %z injersed in one point- When
You push  *1 off ja one direckion, s going o  wind up  linking once, and o ¥he Other direction

% will not link at all

Remember Cli}"'-; Qji~ ,so we can  Rad the ff diagona\  entieo by Winking obott pushing say i #F S in boa

direckions, and  twen  geting  He secultng  curves' Uakirw  umbeo whh z2

Check: de;(A-tA‘) : de&((lt“l)'{(:uo”: de#(:;t litJ

= | - t2+¢

M e L)

Symmetny: Wrte t:gq® , so det (A-q2AT) ~ det( qA -qA")
wp b Mult
power ot q
b A9z de( g A-gAT). = det ((qA-9AY)") = des (-qh+a”'AY) = ax(-3")

o A
s 4y(q) - Ax (-%A)~ So  Ax(t) can be normalized, and so s symmetic under t —t°'.

{:9!, and q - -q' = g > (-‘l")t = qt

Normaiired  Alexander  Poly nomial @ bt !

L& 5S> an odenjed link, and sS4 seifert  surface for L, with (Ao, 26> = H(S).  Then +hs data

determines a  Seiferd makdx A
a 1
Definiion: A,Cq) = des( q'A - 4 A")
Last  tecrure:
© Axle) ~ Aglq?)
° All - q,") : EL (g) ( symmeiny)
So Symmehy  dejermines AA(%) up to a sign-

e Aga(8) ~ £ -t41 = Ara (8) ~ 1 (g1-1 497)



TaKe e Sollowing Seifevt surface:

b Y

linking # = ‘2 (+ve Crossings - (ue) Crossings),

grﬂcn and red

at L
blue (;usmd wp.

Examples :

+ve Trefoil
C@ ~ Seifert mabrx [ o
Alg) = det ( [';.I::.'.] - [ )

\

nle‘(-(1-'1") ¢ ) () -
-4 -(g-9") qt-r gt



Unhnot :
Seifert sucface  foc  wnknob -

1\
has seifert watny A - [M

\odks ke

> - AO)

A are the same O3 +he  previows e€xample, excepr
Wis & band Wit dwe  pwists,  which is  jusv the

the 2,2 eniy. IF we Coasider the purple

Al e enties of
neighbour hood  of the Second loop,
xer twisks, and here the loop is bavial .

same a3 a band  with

So it was self IMhinj numbec O-

Check: A (g) =

3('5?) = A(VJ = (n.-q") 5(5?) ( Conway Skein mlah'on)
V- D+ De

Proposition :

proof: Appl_g Seitert's algorithm 4o get Seifert Surfaces St, Se %o Dt , Do. Now St are obrained by adding

a - handle with a f bwist & Se

S- _—’/-\/—‘-X. TP K(Se) = < 2iyeen, D

H(st) = Cny,, 2w, 2t)

s+ ,B/_'
AN Claim : K Lalra), 2+) = gr(uiaCx.) ,vl) 400
NA L anns
So ') ( A U "s-/x_ is & K-+wisted band, then /\ - _/V\\/\ ,
ie. Vsis i a band wikh W41 Awisks new full fwisk |:|

> We have Scifert matnces

PiGhure: “
. [a. N - {




A
Then Ap, (2) = det ( ¢'As -9 A;)

By
/7

:det [ g7 Ao -q AT 2
w (@' -q) (K t%)

Expand det. along bottvm rw :  all  terms are 4we samMe  except the las one.
> det(Be) -der(B-) = (37'-9) dev( q ' Ae -qho”)

> A(MD - A(W) : (g'-9) AT D)

A EN
Corolavy - Ax (V) = Ax(") = ( exercise on example sheet)

A
2 Ax is fully determined by Ax(%), je. i+ does nov depend on the choie of Seifert surface S or

the basis 1%%.

Rxamples :

n A(CO) - Z(Q{D) : (o-9)A(OO)

So 3(00)30

b 2 (QO) -3 ()

(¢-¢') A (C%-))

)“@1) -4 C@ i ()
. i @’) O Y



3.3) Framings and surgery

-
‘xb" <> N is an embedding . Then we have a (obordism NTj] < N - N', obtalned

n
9 “n’

K-

Suppse N = 9M", j:§

by sucgeny o0 N using  j.

ditfeo . . )
Recall Ehat  j,~i), = NC)e) > NCj] . ovserve that if PVE)e , then  )e |s--‘u.3 i J-I,n--,-;.-. by
I‘estvich'ns the isotopy.
The converse is  false. Jo 5,
t9. n=2, k=lI. , S° o N /—\
N N
Stmignt band +wisted band

)’| s°x 30§ N s°x 305, , but NC3ed ¥ NCj , so  Je ¥i),,

Definition: Suppose C - s o N s an embedding. A fmming ¢t Cis a trvialixatlon ot Vnje. Tee.
i a4 bundle map
D(Vw
cx r"¢ R Vnje s Y g
c—— ¢
id

- - . .
IF 3 $"'x D" P N s an embedding , then |  determines & Paming F) of €O T o g
via ‘F) = dj ° ¢ s Where ¢ S'“' X m""- - S‘q X Tp D"-‘ c T( s x D“-‘) | $%~V x 305 °

dentities R™™" with tangem gspace a+ o of O"*

) is on embedding D d) is injecdive = djoi is a bundig isomorphism.

Tubular  neighbourhood Theorem : = it C(ye) = c(),) and $50 2 51, then o ~)u.

d"(
Tdea: we hnow theres o Standard  (up  to isbbopy)  identification of 4he abstratt pormal bundle of € with o lubulor
neighbour hood of ¢ Gits image) in N. The froming  describes  how we l'denh'f‘\‘ S v p"*  Wwith Vi labstact).
Resbicking to #he ok bundle  Fells us Wow 4 ldentify  (up to sobopy)  O( S*xR™F) = s x D" i D(VMiK), whick
Then in the srandard way  Qeb jdenkfed Cup e issiopy) W @ tubular whood of Cin N. IF fo = & i sEyxp"C - D(YM)

daen  they  give  rotopic  embeddings Yo ™~ 3it S¥xo™ = D (Uw]

Definition: Framings H£o, £ of C: 7' O N are homotopic it there's a family of bundle maps
F-. s*'xR

n-k

x1 — \’N,c Such that £y ¥ ls'.l ‘mn_th s a ."“m‘ﬂs V .

Model case? N= S*TUXRYE st s N owe (30,
3 Continuous maps A: S*™' — G"-..-\:‘\"\\\ — 3 famags  of c}

Smotk

Then ineres a bijection

n-<

AR———— Fa g% xR > s*'wr"™"

tp (xiv) e (~, A v ).



A foming ot C- s N s an  idenkifiatien ( ie- a  bundie isomepuiem)  of the  bvvial bundle
of € (really Tm(c)) with the  normal bundle of C in N:

. _ £
SR 2 xR —— Ve

|

c—"d,c

Tn our model  case: Unje 3 SSTYRYMY L e natel way , and a bundle o is « liaear iso on dhe
flores, S0 redlly £ i % & yuep st w R™% o gF XR" ™5 (x, V) — (x, M3)4), where A oa
Nhnuows wap A: Y — Gl n-w (IR).
Reverting  +his argumeni dllow? us 4o defve o l-}amiag Fa u,;.‘aa A
Recall': C :s5*'<aN""a faming of C is a tivializatton F: S*x RS = VYuic . Framings &, £, are
homotopic fo ~6 if  they are  Connected by @ Smooth .{&amna of framings fo , t €Col.
Definition: #(C): 1 framings of ¢}/ (mod. Wemotopy)
£c(c) 3d &= Ve s trivial \¢ V"’C is tvivialisable, then 3 a \wndle wmap c xpe"** —»“N[c,
Which s exadly a framing.
Model case: Co: S*7' e sF7'x R
x — ("l‘).
lemma :  there's a bijection
g Smooth maps A: s S Gln (W\\§ framing}
A ¢ > £ : (2,v) o (= AlX) v)
inf: Easy to check mat £q is a framing, Conversely, given a framing ¢, Plz‘m""‘ 5 a |near map s'wm
by a  mabix Ap(=x).
Similarly  have bijections
{-homot\pies beiween } e—— 3 |lomotwpies o framings
Ao, A1 : S*™' 5 Gl (R)
C sty G'tl.n_y_(lﬁ)] € > Fe(Cs)

homotopy classes of M«PJ)
st = GLa(R)
1]
My, (Gln-z(lk)

" since Gln.k (IR) defomation retmchs onte  o(n-k)
Mt ( o(n-¢))



Bijections T smoon maps A: S = Glae(R)} —— § Pamings 4 st st xr™H L (O
% hmohpln of maps A: 3'.“""6(v\-=lm)} —> i homotepies of ‘f""‘"‘"’% & *)
Quovienting () by %), we obrin a  bijection

(5", 6lae(R)] = F(C)
7 AN

homebepy classes af  smooth
wops  A:S'T' = Glp-r (R)

famings up to Womohpy of framing

B by din [S"YGLax(R] =i T (GLaelR) = T (O(n+))

Stk Gla-x(R) aef. 0fats onto  O(n-k).

uc‘ﬂe Embco( S"' an-‘ , ND), N° < S‘-‘X m“-k

(€]
- - ~K .o _ .
©= ?embeddings s*' xp" < No . Jlsl"u.g = Co }/m w here ~ s isotopies preserving (%)
(Wnat  the wap doRs on +he ore)

Can imagine +his in  wz3, K=t to

Lemma: there'S a well ~defmed  gurjective wap be Yhe set of embeddings of
the Solid bows in  S'XR® +hat
§= Fe(c) — Emb ( s 7 xD" No) . peserve +he core of the tbows:
given by ¢C*) - [Hsu-\ ™ e sk x m.-.] rememoer £ S"7'x RS o Vwere
s @ Flgrayprt — O(Vaete) e Ne

standard

pmof: To check @ s  wel -defined, must Show +hat if £ ~ £, , then Jpa i de, - Bur F Fe: Fp s

O homotopy, jy(x): (%, Aelx)v) s an wotopy, ciace Ae: §57 O Glac(R)  (ie 3, injective map o each ¢)

To gee tha I s Surjeclive, jéEmbco( SE XD Ne), qet £, s befoce.
BYy  uniqueness part of tubular nhood thm, FLCEH) ~i 8y, |:|

Coe : I C: s*' < N has tWvial normal  bundie, then

1)  there's a bijection Fe(Q) ™ We_( o(n-*)) (not a group homo , bui a bijection of Sets)

Y Wnere's a  surjective  map  FrC) = Emb (s*Y xp™*, N)

(X -
Proof: Choose G tubular  neighbourhood  V(C). Then ink( uwA) *S x R"™, and use lemma in W3 pasic  case.



homotopy  class of  Famings [#) € Fe(O), we get

C:s* ' N on embedding and a
aond hence a handle aHachment

Summarny:  given
s*'xp"" & N well defined up to isvtopy

an  embedding j¢,¢:
NCc,ced) s well defined wup to diffeamorphism.

Example: h=2, k=l , N, (o6Cz-0): molo)) = %,

Two possible framings :

o 3,
> < N 2 > k)
) .
° J,
Jives attached
handles N\ m
N N

Straign+ band twisted band

G

(o)
and 4we orhef s unorentable

I+ imC> S° 3y contained in  one  (omponent of N, khen one oF jhese i qientable,

Focus On: M4, k=2. Then we'te looking o Nz OM" o 3-manikld, and machma a 2Z-hoandle  (embedding s* st

Then  Taoy( 0(4-2)) = Ti(0€)) s m (se(2)) = m (§'): 7

1P k:S' & N with bdvial nomal vundle, then Fr(R) * 7.

Concrete  description ¢ k: S' oy S3

Fe(k) & innnvanishing sections s :k — \’S’/g}/ homotopy ( f F(e.))
(s, st) —mm s

———— 2 caE) | with A “iE in V(K)

/'WMW’P‘J projest out  section to ged A 01 boundany

Caye H(9V(E) with 2°wm=|.

[
twmes forn fact 2 ~ik in v(K)

exercise €52

the same af &  pualRakan o Hhe norma bundle of

windie, and se a bivalabon of sk it equivdlent
we can

Ldea: if you have a framing of k:S' <>, inen dhis i

€ia 5%, VS . New NSdkisa eank 3o0 =2 veck
nowhere ~Vanishing N
oo colleckioy of 3 gsecons st they M A wasis Sl ( S’IK)p at ewey  péK. Bur I  wean,

taking (s orthogoaal cemplement ot eveny poiak

of Seckions by  Choosing  ane S Awd flen
€% gmoMa and alse  farns « kasis afgng wih S

homotopy P

describe a  basis
b debise anoter st Wi is  smooka b.c.

(V"’/l:)‘, al  eveny poind b.j conshuction . fr(k) s thae Space of GﬂmMjs up be
there's «  bijeckion Fe(k) 3 nowner®  vamishiag  secrions 3 ap to homoropy

‘meiﬂﬂ), and so



Seifert longitude ¢ gives o prefecred € W (9v(K) Wwith L -m=1
"

any other A€ \'\.(3\10‘\) i a \isear (omb- of
e nasis  elemeny 2 ond m, oand se gay
Az al ¥ nm.

Sn 9v(Kk), sa
seifert Surface

Then A-wmz |
l.e. A<= An * e +nm for neTl. since 4= a@ +tnhm (ush\s ¢, m abasis), & (g[ *nm\.m:‘
and Am: | D asl  al *nlo) =1
) a=|.

Hence we have a bpijectioq  Fr(€) ——> {an-= e+nm.'g

Remark : 2h(>n, K) = n

n

o+ alt) =n. |:|

pfe Wh(3a, k) = (241 -0s) = [ €+nm)-Cs] = (@):051 + n(ml-Cs]
n n

(] [}

Example‘- K =u /
2 ie. (™ W= T(2, 2n)
(theic union)

Here s wewy Cler  Whod  anme  Seiferd  Aongitude iS.  Bur Ry Some exomp\a ik ned:

9. Mguuve krefoin: blue doeswr Ge i 5, S° nr %o = Q.
ﬁ blue cuve F2e , it's  Ak( blue cuve, black cune)
T A-3.

a
Detfinition: a fmamed \ink Ltcs? s an unociented \iak L together with  an  integer attached +o
each  Componend Li of L.

o; determines a frmming Aa; T L+ AiM on Ly , wnere @ =735, S a seifert surface Hoc Li

('lgnocin_g other  (omponents of L).

a

Definition: 1f L is a famed tiak, let W(L) be the U-manifold obrained by awaching 2 —handies  along
the Li's  with  faming Au;

Schematically ( 1 oimensian down) a

and 5% = AW(L) s 4me
mani fold  obhained b}j $ramed
Curgevg on 'l:



n ~ . fa
L and | are Bobepic framed  links, iwen w( ) = w(t).

Fist par of (echure = if

Moral:  Lots of links, wence lors o 3 ad g  maniflds.

ataching n  2-handies 4 B¥ ( o-handle). (11 =)

ovserve:  W(L) 15 the resun of

N
> w(l) ~X cel with | 0-cel , and IT\ - cens.

homeo 1wl
~ X \ st
iz\
l

homnt‘py ?

So 7 hJPe of W only sees # cpts of L.

[X]
1 X> N s?. : . “
© see  homovopy o DoX Womoopy  equivalent to a  o-cel and W 1-cells, which are eac
boundavies to  the 0 @) whida is DY collapsing down D% A pint VO e

’!-D’, odrached 9y +weir
wedge f w07  with their Youndarnes

Glleetively  collapsed to a point - wedge 3f N a2-spheres.

Consider o fromed  Wnk C inside  of S*  wiwn (ompomnents Li,-~o ln , and meings 7‘«; T i % aiMy L T

n
wit) = g+ vy U wuihy WY My
iy
men  (w(LY) = SBC = B U" l.__l‘?g Y ) were

Li with framing X TR

< V(L) C3EC Qs $3) = 2a; € B, (3vCw)).

and  W(i) 15 anacwed a\eng
g WY = s'xp? , @itog W)
in S® ouwide o2 a small  ,pood of

3. 5o AWILY  is  evewphing
WHG) o e odded 2 -whandles.

e line L Les in
twe oadded  boundary

Rem ember

we atroch the z-hanollcs\ l.e  Ey, plus

Letls  rhiav  about  Ywe  pichwre -
Suppose Si & BY g a Srwosthly  empedded  onentable
Surfa®  \with BTI = Li. €9. T; 1% a seifert

Surface o Lj; puswed v BY.

. ) A
le Ti ¢ ZiLDIxses € BU U ocowi cowd)

[ By S—
like alon9 core of |andle H(3).

<wnen i is a closed ,oﬁ',f“td surface insde of w(t\.

A

2\ 7 red 4 pink,
. ?

Z; UL; D , and orieniahon

C2:1 enl wii).

Z: = blue s lignt dve.
a
Te 2 = inherived fom T:

L defwes a class

_\I'\ s, so Halw(d) > 2"

Recall :  W(L) defermakon remchs 4o

L ( where



lemma 10 L 020, . T2a0) is a basis b Me (w(d)).
To Choose obrentation on S; : choose

pf:  The deformation  rehatiion oiontation w0 LilS,and shen requice

9% = \i as orented swiface
n
P W) —» y ¢t

[

acs o W(L) by  Squashing  the O -Cell BY down i a poiat, Gnd ihen dekrmation  retracing tme  2- Wwandles

a
0Nl their coces. SO P ot on Zi by

LY A
T, v— Z;/]z » st & Vst
[}
A
wherte  Fiis laclusion of #he R Slick 4he wedgee The  wap  H(Zi) = Wi(Z1/%) s on womephism. Se
e ([5'\]\ = ;;4([5‘]), whith  generate HL(?J:‘St)- So  4hey fxm Q bavus D

” “ ek, L)) %
Lemma 2. (2:]-C=1- gives us mawix of intersection foum

o 4 l':j.

prot.  HG) AH() = o @ it] | 5o l't-.l-cffn is only depemdent ea intenection ia O -cell , .
(ﬁ-,';.r_{)-] s Cs;‘J-czj] = k(L)) Poen exomple sheek 1. VERY TIMPORTANT QUESTION TO UNDERSTAND)

. . Jal] ’
Wnat  hoppens  when )7 Then Coasider  F i Z{0 DTxTpS , peDT\SS e T/ <8Y §s aiso a
L
lompatt, oriented surface < BY itk 9% = i

S

Dickure of  this:

A

Now  can easily Cweck N([i;'n - fiy(CS’]\, SO Qchually CZ;'] = (E;], So C?:T ]
is ¥ne some as C<:d: Cf'\".\. Now Li%) and C{i'] dont 'ntersect  jaside of e  handle, 3o

a A
Cz:1-C2d') = Cza (2] = gk(ui, 2w = o D
Definition : ey C be an oriented , Fiamed link  ia §3. Then B = (b'lj) where b‘.} B 1 Lk( Li, L:l) "*j
A ol i e

\s called ‘he liaking mairic of L .
TH's  the SYmmetric  Matax  which  gives  the  intersection farm on WILY  were wwe wasis  AC Y.

€xample:

\‘1) Unknot  with &'mming n: " . Then B =© ["]



° . 0
v 0 Twen b-[‘]

N domt (cget  about ocientarion

of  \iak.
(3) } 5
3
g Then %= [ )
-2 3
Popesition - M, ( st’) T Coker B (so od W\ = de&(B))

proot:  Ler W= Ww(C), Ond (Consider LES of e paic (w, 2w):

¢
\‘\1(“) J’ \‘\1\W,3W\ - “\|(9W) — \‘\\(W)

\S e “‘,
P\$ W2 lw)

So  See wna n, (RPw) 2 coxer (Fe) (ok!r([&\ by  ®-O iso.

~ ~
et €33, ()" pe wme bass of WMIW) X W™ by MCT ( @W) Y Wom( Ho(WhsT) = Hom( M, 7)) -n.'*)
dual o €], 020 ) he. < CE1%,02:0) = §F

1° F((Ij]\ : iZl!v.j c=:* , then py = < MC g;]\ , e

= ppota (1), CE:1) p Version o boundany

A ~
= UZ;0- 021 by dusliyyof wp aud wviencekion paidng
by

So pis guen by B un 2.1} and i[i‘i)‘}, so  CokerPp ™ comerB . |:|

T4

o 3
Example: gay LT K | with famiag n-  Then b= Cn), so “,(s",\) Tn ( comernel of map tn)

/

> if n+o, W ( Su,‘:u) = 1 :ltln 1l:e“;’\ , M sy W5, D=0 by P.D ona ucCT,
o ovherwise
Ho(Se,@) + Tin, tuen
W (Semd) = Homl( Hi(Seun®), 1)
2 Mom( UJw, M) =0
N % <0,),1,3

f n:zo, then  Wa ( Sr.,}\ = (same  idea)
° Okner wise

Rem: H*(Ss,ns) does not depend o.a Choice of K.



-~

\-\
I+ n=o, Consder “\(Ss:,o))_’ lh( ssu,o) > U Let P 83,,, - Sr}.o be +he (overing  mnap  Corresponding
m(s?® ) ~
b0 Kerl 1. Mas Goeek o Mgerr 2 Wls )y , 5o RS2 15 0 modmte over T CGoek] = 2 L4*]
Propesition -. \-\.(33.)'\‘ W (Ee) as modues over R =7 ()
h )
5 (1 - - (. — -
procf: led Vs Sk,e. Then Y= Ep 0, s'xp? Se Yk Bk Vg SAD where X 1 Seme coveriag space of X.
(—v—-l
gHy
MV for (1) Says  dnare
° '/ gem.mled by 2 wondie = 2-celt
‘°‘ " ﬂ‘ pus Hy(Ee) = Re§.
H(ED) ® H(s'¥D') — (V)
9
injective ()
u‘('a‘f;) = WED® W (5'x0") — n(Yx) — Hol(3Ex)
L b4 \
AR 2
By exadness ,  Im(?) sker ( Uk 4G%), and ;o paviakn stace 9 is injective, BeWMEe) =L, 3 pener element
of W(3Ee) tha geb  sent to O Vvia L + 02t Now H.(?tt) > H((S‘YS‘), su\e.a\-cd by o mevidian and
a (mgitude  (longtude conbvackivle in k), and  tne wmevidian (eruialy hot). So LR avvally vowe ar he only
element 1 H(2€e) Jtb rrapped to 0 under Ga = Wi(ER) 3y (a wmulkiple &) the longitude.  Pnd it
we  think  gpoat what ‘XD i, e.  JeMy ), dhen L Lives faside  S'3x PP, and m s S'Xx IS say,
So  under g + Cov,
¢ — oe@o0
Mm — @I
i
Ic we ook ad a map H.('QC&) - H.(‘K)' wm +— 1
'\' \
This  implies o [, = s'xR, (s = ¢
o Ex is the infinive cyclic  covs of €x
_~ ~—
* SiXD" s the infinite Cyctie Cowr of $'x0?  s'xp* = Rxp*.
MV poc () s
7 bt
K -~ -~ (]
H(5,xR) — W)@ H(RxD') — 1, (V) —
<ey —_— 0
2 st pounds in Tk
o B oo o Rm @) > (V)
3 3 3 3
Coolony:  1F A (&) ~ Ap(e), pmen  Sk,o 3 Seip  even  though  Ma (sex) H.(Sn',oB
)= W See) ;
our WOE  Shows WS +hat H(Sgoe)= W e for any knov K. Bux when we astend & (onsider
the infinise Wic  coer of S, , we ger wae informarion.  houally, thai exawt inksmakon i Hhat
WO Sed )= WCE) (e  debned 2r(t) exadly as o (Hi(Tel) | where we  Condiden some presniation
€  Wi(Ee). The vormalined wersisn  avises by seking kE=9q% , Ae(@): Ax(82). So st Ap ()~ Aa(Y),
then cev tainly W, ( Ev.) ¥ W, (ﬁ') (conquposul-'me), So \'\((St,o;) + l-\.(S-:,‘a), So S:?- 3 Sy.',os-



3.5. Applications and Examples
Dehn  Twiss :

Leb A = s'x C-u1] be dne annulus, with product orientarion

with  blackboard ocientation

. . . ¥ irean) .
Consider O difteomophism T: A S5 A T(x,%) -.(e =t-,t) ) S when t=i1, 'L\gn T don L ow B an

thner  cuwe  say
T
)
oriented .
So T 14 the model Dehn 4wisk. Now it Z 1§ any surface , and o : §' <3 Z has tAvial normal pundle,
then choole  an  onembation peasewng @ V(a) = A , ond define Ta 222 oy
ol ] . o
Tu‘.*\ = @ Tl it x el & neig hbour hood of o (ooks Lue A with
~ it x4 u(x) specitied  odeniation. we  (An 4hen focws in
on it nhood, do the cdehn twish,
Then To is the Oehn iwitt along o. and +hen  plug  that otk infe +he
Surface . Because T =z identily on +he boundan,
ehis W Conkinuous.
Exercises Ta acs on W(T) by Tax (N = X + (o X)
Wont  prove  but  yiswal: ‘ /\T' ‘
’ O
Fad: Botopy class of Ta does nov depend on choice of P | y(a), or even lsobopies of w, O euen +he Ocentation
o & (see [las4 fat Rom egn, Tay (2) = X 1 (X &, o Ty = X + (-«)-X(-%) = X + -1 X) & = Tex(X)
But et rigoous at alt.
Bue it does depend o6n the Orientation & 2. T think about oiemtakion of V(¥) inhented fom € T, gnd +hen we  ask
fo  odentation pereserving diffes P



Knots on Surfaces

Pssume T an odAenable curfae, o S' <& I an embedded loop, ond ler M= T X C-10], le¥ & = atx 0%

n T so VWIR)Y Y Ax C-u1) in W

’

be a knot inside of M. V(o) ¥ A

Picwee  N(K) =

nod @ming of K is duermined by 0 nonvanishing  section of  VUMIx . The swfae T gwes a prefecred section  cowesponding

1Y ZNIvK):

faming Cure i the red pont X '

K ; . g X s!
ond  meridian M is the toundaw £ thi; squace.

( bounds a disk ja VMia)

Together wm ond £ fm O pass fx H.(?‘“‘"“)

AN Other framings Qe of +the fam An =z ( +nm.

We wont to study My,i: surgen oa K with fomiag 2, = g4m.

s ~
lemma : suppose  @:(s'xD?) — I(s'xDY. Then @ exiends tb @ S XD? = S X0 if and enly if

Qe ( Bex 3N = t ([sisx ")
o w (C1xavY) =0,

Prouf'. IF ¥ extends, +hen Le P = 6' L, where L: A(s'xd?) = s'¥D? s the  inctusion.

therefore we  must  have
@ (Kerey) € kerts 3 @ (Cexap)) = t C1xaD’)

By dfn of 0 nomomorphism , By (0) =0 Now, Le¥ = dol, so Lo@(Kertw) = & oL (Herws) = IO E

H  Lof(ket)lzo = flRered) € werCu). g qne ypar C1x3DY) qeneraves  Kec (iw),

COHECRRDY) = M (s'xs) 5 H(stxo)

]

Whith  are Yrhe homolqy clasies that  yamsw  under le

and Obviously map o0—>4q, b— 0 o Ker (s = L.

Otwer direction:  Example Sheet 2, exercise 2.

Lemma: et Z = A, se M:c AT and K = S'% 969 %905, Then ihere s o  diffeomorphism

%: M‘;I - M

Mg, —) ™M where L= M DM {5  intwsion, and

Such  that
\ / T % 4he Dehn Awisy  wirth A = AR C M

T think  wlat W B sdylag i that



Pickure:

M on green pari, L oL = identity, and
) xs'
( - )
«""A“\L
’,_\9“
S
PNO‘: E& 2 11\‘1 ,50 M T | 47 UT,Y?“E S‘KD’ L s\ $D1 - M

drill owt nhod of K, and whats [ef! looks like a thidened up toMs

So o check 3 ot O, its enamh o check taat @I.;Mm( C1xadY)) = (1 x30%] € wilM). by we previows  (emma
——

n
TQem m

siace  We took My,
So dwis Rollows dem Tl Q+m)= @ +M + (L (e+m))

T l4em -0 = m by thinking about |:|

Conllany = M = Z2xC-u1), K =otxo. Then J O Mk SM such o

Me 1 —9 Mv-,u_’ M
\ / \ /; otla
wherg Is @ 2 = I x tHI CM are the inclusions

The poind 8¢ Wwhen you do Surqew dleny X with framing |, you ot pack ¥he Same thickened surface - On 3he botiom
* ath ke tne identity  (nothings changed)  but on ane top i+ Och uike 2 Dehn Fwisk.

‘m?: Choose a 4dubular nhood ¢ K , VLK) as in the lemma. -Tnen define

9(1\ = ; a(!\ €2 € N(R) he reoson Uiy AW Wbk o Hat (e dehn ot
x it rd MK Is 4ne identtyy on +he boundawxof a fubulor
haod ¢ & in 2.

Pickture -

/

W :identity on @d boundam, so exenas Wy idenkty o st of TXI

So now suppse < C Y so 4 = M, Uf'ZxC-l,\'J Ur;M'l . wnere say P, ° IM, T Zx5-13
fx w DMy Y TxTIS

Picrure: M2

My

So sake Fk=oxo0e TxC-,7. tnen Vg, = My Up, Mn,|U(,, M2 = M‘u?. Tx-0,1] Uwﬂ’,g M2



Moce amerauul H3 *i,..., 0k ave oW embedded |oops e Z, +then rake
M
t = Udi's | ean =
" ' o
with - Framing 1 X C-L1)
%3
M2
where all o's lnave  framing .
A N -
.‘m'\ ML Ml Ur’ zx Cl,l] Utd;otﬁ‘.|°"--td,°rl M2
-t
Remark: can do anl the evatt gfame above with -! faming & et iavense  Dehn bt 5 T
( possibly inverse
Tm  (Dehn, Lickorish): Ony orientation Presenimg a: Z > T i upte isotopy a4  tomposition of Dehn twists.
A
Tam ( lickorish - wallae}: |f Y is an greniable 3- manifold, then Y= s % A« some framed liak | C s

L

proof: Y admits a handle o eco mpesition
= Y wos a Heegaard  Splieting ; Y7 HgUgp Hg, = wher Hg s an  onenrable , 3 - dmensiendl  hand\ebedy
with  one 0- handle and 9 2 -handles. So 3"3: fg and ¥ Ys-" ‘25 is a diffeomorphism.
Now §3 hasa Heegood spitting of genus 9q:
So 5P = mgUg, Mg
T T e A
wirte YW= Toe °Tayy - Ty, 0%, Oy our Theorem of  Lickodsh and wallace. take L % b
Hg
bl
2 c s?
ok
Hg
where oy has framing * | Qlcording +o the  exponent ot Ta;

Thus  S3f = Hg U-[;';o...o l;"'o'f. Ulg = iq Ugplg =Y



